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] FROM PROGRAMMING TO
PROGRAM PROVING

[In 1949,] as soon as we started programming, we found to
our surprise that it wasn't as easy to get programs right as we
had thought. Debugging had to be discovered. I can remem-
ber the exact instant when I realised that a large part of my
life from then on was going to be spent in finding mistakes in
my own programs.

Maurice Wilkes (1913-2010)

Since the apparition of the very first computers, every generation of programmers has been
faced with the issue of code reliability. Statically typed languages such as Java, Haskell,
OCaml, Rust or Scala have addressed the problem by running syntactic checks at compile
time to detect incorrect programs. Their strongly typed discipline is especially useful when
several incompatible data objects have to be manipulated together. For example, a program
computing an integer addition on a boolean (or function) argument is immediately rejected.
In recent years, the benefit of static typing has even begun to be recognised in the dynam-
ically typed languages community. Static type checkers are now available for languages like
Javascript [Microsoft 2012, Facebook 2014] or Python [Lehtosalo 2014].

In the last thirty years, significant progress has been made in the application of type
theory to computer languages. The Curry-Howard correspondence, which links the type
systems of functional programming languages to mathematical logic, has been explored in
two main directions. On the one hand, proof assistants like Coq or Agda are based on very
expressive logics. To prove their consistency, the underlying programming languages need
to be restricted to contain only programs that can be proved terminating. As a result, they
forbid the most general forms of recursion. On the other hand, functional programming
languages like OCaml or Haskell are well-suited for programming, as they impose no
restriction on recursion. However, they are based on inconsistent logics, which means that
they cannot be used for proving mathematical formulas.
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The aim of this work is to provide a uniform environment in which programs can be
designed, specified and proved. The idea is to combine a full-fledged ML-like program-
ming language with an enriched type system allowing the specification of computational
behaviours. This language can thus be used as ML for type-safe general programming,
and as a proof assistant for proving properties of ML programs. The uniformity of the
framework implies that programs can be incrementally refined to obtain more guarantees.
In particular, there is no syntactic distinction between programs and proofs in the system.
This means that programming and proving features can be mixed when constructing proofs
or programs. For instance, proofs can be composed with programs for them to transport
properties (e.g., addition carrying its commutativity proof). In programs, proof mechanisms
can be used to eliminate dead code (i.e., portions of a program that cannot be reached
during its execution).

1.1 WRITING FUNCTIONAL PROGRAMS

In this thesis, our first goal is to design a type system for a practical, functional program-
ming language. Out of the many possible technical choices, we decided to consider a
call-by-value language similar to OCaml or SML, as they have proved to be highly practical
and efficient. Our language provides polymorphic variants [Garrigue 1998] and SML style
records, which are convenient for encoding data types. As an example, the type of lists can
be defined and used as follows.

type rec list(a) = [Nil ; Cons of {hd : a ; tl : list}]

val rec exists : va, (a = bool) = list(a) = bool =
fun pred 1 {
case 1 {
Nil — false

Cons[c] — if pred c.hd { true } else { exists pred c.tl }

val rec fold left : va b, (a = b = a) = a = list(b) = a =
fun f acc 1 {

case 1 {

Nil — acc

Cons[c] — fold left f (f acc c.hd) c.tl
}

12



The exists function takes as input a predicate and a list, and it returns a boolean indicat-
ing whether there is an element satisfying the predicate in the list. The fold left function
iterates a function on all the elements of a list, gathering the result in an accumulator which
initial value is given. For example, the exists function can be implemented with fold_left
as follows, but this version does not stop as soon as possible when an element satisfying the
predicate is found.

val exists : va, (a = bool) = list(a) = bool =
fun pred 1 {
let f = fun acc e { if pred e { true } else { acc } };
fold left f false 1

Note that both exists and fold left are polymorphic, they can for instance be applied
to lists containing elements of an arbitrary type. In our syntax, polymorphism is explicitly
materialised using universally quantified type variables.

Polymorphism is an important feature as it allows for more generic programs. In
general, ML-like languages only allow a limited form of polymorphism on let-bindings. In
these systems, generalisation can only happen on expressions of the form “let x =t in u”.
As a consequence, the following function is rejected by the OCaml type checker.

let silly ocaml : ('a — 'a) — unit — unit option =
fun f u —» f (Some (f u))

In our system, polymorphism is not limited: universal quantification is allowed anywhere
in types. Our types thus contain the full power of System F [Girard 1972, Reynolds 1974]. In
particular, the equivalent of silly ocaml is accepted by our type-checker.

include lib.option
val silly : (va, a = a) = {} = option({}) =
fun f u { f Some[f ul }

In fact, System F polymorphism is not the only form of quantification that is supported
in our system. It also provides existential types, which are an essential first step towards
the encoding of a module system supporting a notion of abstract interface. Moreover, our
system is based on higher-order logic, which means that types are not the only objects that
can be quantified over in types. In particular, we will see that quantifiers can range over
terms in the next section.

The programming languages of the ML family generally include effectful operations,
for example references (i.e., mutable variables). Our system is no exception as it provides
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control operators. As first discovered by Timothy G. Griffin [Griffin 1990], control operators
like Lisp's call/cc can be used to give a computational interpretation to classical logic. On
the programming side, they can be seen as a form of exception mechanism. For example,
the following definition of exists, using fold_left, stops as soon as possible when there
is an element satisfying the predicate in the list.

val exists : va, (a = bool) = list(a) = bool =
fun pred 1 {
save k {
let f = fun acc e { if pred e { restore k true } else { acc } };
fold left f false 1

Here, the continuation is saved in a variable k before calling the fold_left function, and it
is restored with the value true if an element satisfying the predicate is found. In this case,
the evaluation of fold left is simply aborted.

Our control operators can also be used to define programs whose types correspond to
logical formulas that are only valid in classical logic. For instance, the type of the following
programs corresponds to Peirce's law, the principle of double negation elimination and the
law of the excluded middle.

val peirce : Va b, ((a = b) = a) = a =
fun x {

save k { x (fun y { restore k y }) }
// Usual definition of logical negation
type neg(a) = a = Vx, x

val dneg_elim : Va, neg(neg(a)) = a =

peirce

// Disjoint sum of two types (logical disjunction)
type either(a,b) = [InL of a ; InR of b]

val excl mid : va, {} = either(a, neg(a)) =

fun
save k { InR[fun x { restore k InL[x] }] }
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Note that the definition of excl_mid contains a dummy function constructor. Its presence
is required for a reason related to value restriction (see Section 1.3). It would not be
necessary if excl _mid was not polymorphic in a. Moreover, note that dneg elim can be
defined to be exactly peirce thanks to subtyping (see Chapter 6).

From a computational point of view, manipulating continuations using control oper-
ators can be understood as cheating. For example excl mid (or rather, excl mid {})
saves the continuation and immediately returns a (possibly false) proof of neg(a). Now,
if this proof is ever applied to a proof of a (which would result in absurdity), the program
backtracks and returns the given proof of a. This interpretation in terms of cheating has
been well-known for a long time (see, for example, [Wadler 2003, Section 4]).

1.2 PROOFS OF ML PROGRAMS

The system presented in this thesis is not only a programming language, but also a proof
assistant focusing on program proving. Its proof mechanism relies on equality types of the
form t = u, where t and u are arbitrary (possibly untyped) terms of the language itself.
Such an equality type is inhabited by {} (i.e., the record with no fields) if the denoted
equivalence is true, and it is empty otherwise. Equivalences are managed using a partial
decision procedure that is driven by the construction of programs. An equational context
is maintained by the type checker to keep track of the equivalences that are assumed
to be true during the construction of proofs. This context is extended whenever a new
equation is learned (e.g., when a lemma is applied), and equations are proved by looking for
contradictions (e.g., when two different variants are supposed equivalent).

To illustrate the proof mechanism, we will consider simple examples of proofs on
unary natural number (a.k.a. Peano numbers). Their type is given below, together with the
corresponding addition function defined using recursion on its first argument.

type rec nat = [Zero ; Succ of nat]
val rec add : nat = nat = nat =

fun n m {

case n { Zero — m | Succ[k] — Succ[add k m] }

As a first example, we will show that add Zero n = n for all n. To express this property
we can use the type vn: 1, add Zeron = n, where 1 can be thought of as the set of all the
usual program values. This statement can then be proved as follows.

val add z n : vn:t, add Zeron = n = {}

15



Here, the proof is immediate (i.e., {}) as we have add Zero n = n by definition of the add
function. Note that this equivalence holds for all n, whether it corresponds to an element of
nat or not. For instance, it can be used to show add Zero true = true.

Let us now show that for every n we have add n Zero = n. Although this property looks
similar to add_z_n, the following proof is invalid.

// val add n z : vn:., add n Zero n = {}

Indeed, the equivalence add n Zero = n does not hold when n is not a unary natural
number. In this case, the computation of add n Zero will produce a runtime error. As
a consequence, we need to rely on a form of quantification that only ranges over unary
natural numbers. This can be achieved with the type vnenat, add n Zero = n, which
corresponds to a (dependent) function taking as input a natural number n and returning a
proof of add n Zero = n. This property can then be proved using induction and case
analysis as follows.

val rec add_n_z : Vnenat, add n Zero = n =
fun n {
case n {
Zero — {}
Succ[k] — let ih = add n z k; {}
}
}

If n is Zero, then we need to show add Zero Zero = Zero, which is immediate by definition
of add. In the case where n is Succ[k] we need to show add Succ[k] Zero = Succ[K].
By definition of add, this can be reduced to Succ[add k Zero] = Succ[k]. We can then
use the induction hypothesis (i.e., add_n_z k) to learn add k Zero = k, with which we can
conclude the proof.

It is important to note that, in our system, a program that is considered as a proof
needs to go through a termination checker. Indeed, a looping program could be used to
prove anything otherwise. For example, the following proof is rejected.

// val rec add n z loop : Vnenat, add n Zero n =
// fun n { let ih = add n z loop n; {} }

It is however easy to see that add_z n and add_n_z are terminating, and hence valid.

In the following, we will always assume that the programs used as proofs have been
shown terminating.
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There are two main ways of learning new equations in the system. On the one hand,
when a term t is matched in a case analysis, a branch can only be reached when the
corresponding pattern C[x] matches. In this case we can extend the equational context with
the equivalence t = C[x]. On the other hand, it is possible to invoke a lemma by calling the
corresponding function. In particular, this must be done to use the induction hypothesis in
proofs by induction like in add z n or the following lemma.

val rec add_n_s : ¥n menat, add n Succ[m] = Succ[add n m] =
fun n m {
case n {
Zero — {}
Succ[k] — 1let ind hyp = add n s k m; {}
}
}

In this case, the equation corresponding to the conclusion of the used lemma is directly
added to the context. Of course, more complex results can be obtained by combining more
lemmas. For example, the following proves the commutativity of addition using a proof by
induction with add n_z and add_n_s.

val rec add comm : Vn menat, add nm = add m n =
fun n m {
case n {
Zero — let lem = add n z m; {}
Succ[k] — let ih = add_comm k m;

let lem = add n s m k; {}

Many more examples of proofs and programs are provided in Chapter 7 (and even more
with the implementation of the system). Each of them (including those in the current
chapter) have been automatically checked upon the generation of this document. They are
thus correct with respect to the implementation.

1.3 A BRIEF HISTORY OF VALUE RESTRICTION

A soundness issue related to side-effects and call-by-value evaluation arose in the seventies
with the advent of ML. The problem stems from a bad interaction between side-effects and
Hindley-Milner polymorphism. It was first formulated in terms of references, as explained
in [Wright 1995, Section 2]. To extend an ML-style language with references, the naive
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approach consist in defining an abstract type 'a ref and polymorphic procedures with the
following signature (given in OCaml syntax).

type 'a ref

val ref : 'a — 'a ref

val (:=) : 'a ref —» 'a — unit
val (!) : 'aref — 'a

Here, the function ref takes as input a value of some type and creates a new reference
cell containing an element of the corresponding type. The value of a reference can then be
updated using the infix operator (:=) (to be pronounced “set”), and its value can be
obtained using the prefix operator (!) (to be pronounced “get”).

These immediate additions quickly lead to trouble when working with polymorphic
references. The problem can be demonstrated by the following example, which is accepted
by the naive extension of the type system.

let 1 = ref [] in
1 := [truel]l; (List.hd '1) + 1

On the first line, variable 1 is given the polymorphic type 'a list ref, which can be unified
both with bool list ref and int list ref on the second line. This is an obvious violation of
type safety, which is the very purpose of a type system.

To solve the problem, alternative type systems such as [Tofte 1990, Damas 1982, Leroy 1991,
Leroy 1993] were designed. However, they all introduced a complexity that contrasted with
the elegance and simplicity of ML systems (see [Wright 1995, Section 2] and [Garrigue 2004,
Section 2] for a detailed account). A simple and elegant solution was finally found by Andrew
Wright in the nineties. He suggested restricting generalisation (i.e., introduction of poly-
morphism) to syntactic values [Wright 1994, Wright 1995].

In ML, generalisation usually happens in expressions of the form “let x =u in t”, called
let-bindings. The type-checking of such an expression proceeds by inferring the type of
the term u, which may contain unification variables. The type of u is then generalized by
universally quantifying over these unification variables. Finally, the term t is type-checked
under the assumption that x has the most general type of u. With value restriction, the
generalisation of the type of u only happens if u is a syntactic value. Consequently, the
example above is rejected since ref [] is not a value, and hence its inferred type ' a list
ref is only weakly polymorphic (i.e., it can only be unified with exactly one, yet unknown
type). Thus, it cannot be unified with both bool list ref and nat list ref.

As mentioned in Section 1.1, the system presented in this thesis does not include
references, but control structures. One way of extending ML with control structures is
again to introduce an abstract type equipped with polymorphic operations.
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type 'a cont
val callcc : ('a cont —» 'a) — 'a

val throw : 'a cont - 'a — 'b

The function callcc corresponds to the control operator call/cc, which was first introduced
in the Scheme programming language. When called, this function saves the current continu-
ation (i.e., the current state of the program's environment) and feeds it to the function it
is given as an argument. The continuation can be restored in the body of this function
using the throw function.

As for references, the addition of control structures breaks the type safety of ML in
the presence of polymorphism. A complex counterexample was first discovered by Robert
Harper and Mark Lillibridge [Harper 1991].

let ¢ = callcc

(fun k —» ((fun x — x), (fun f — throw k (f, (fun _ — ())))))
in
print_string ((fst c) "Hello world!");

(snd c) (fun x — x+2)

Intuitively, the program first saves the continuation and builds a pair ¢ containing two
functions. The first one is simply the identity function. The second one takes a function f
as argument and calls throw to restore the previously saved continuation. It then replaces
¢ with a pair containing f and a constant function. Consequently, the first element of the
pair c can be used as the (polymorphic) identity function as long as the second element of ¢
has not been used. However, when the second element of c is called with a function g, then
g becomes the first element of ¢ and the computation restarts. This is problematic since
the function fun x — x+2 is then applied to a value of type string, which is thus fed to an
integer addition.

During type-checking, the type that is inferred for the pair c (prior to generalisation)
is (' a— ' a)*((' a— ' a) — unit). Thus, in absence of value restriction, the last
two lines of the counterexample are type-checked under the assumption that c¢ has the
polymorphic type ('a — 'a) * (('a — 'a) — unit). In particular, the type 'a — 'a can be
unified with both string — string and int — int. As with references, the value restric-
tion forbids such unifications.

Note that it is relatively easy to translate the counter example into our language.
Indeed, terms of the form callcc (fun k — t) are translated to save k — t and terms of
the form throw k u to restore k u. Moreover, as our system contains system F, value restric-
tion needs to be stated differently. It appears on the typing rule for the introduction of the
universal quantifier. In the system, value restriction corresponds to only applying this rule
to terms that are values.
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1.4 DEPENDENT FUNCTIONS AND RELAXED RESTRICTION

One of the main features of our system is a dependent function type. It is essential for
building proofs as it provides a form of typed quantification. However, combining call-by-
value evaluation, side-effects and dependent functions is not straightforward. Indeed, if t
is a dependent function of type vxca, b(x) and if u has type a, then is it not always the
case that t u evaluates to a value of type b(u). As a consequence, we need to restrict the
application of dependent functions to make sure that it is type safe. The simplest possible
approach consists in only allowing syntactic values as arguments of dependent functions,
which is another instance of the value restriction. It is however not satisfactory as it
considerably weakens the expressiveness of dependent functions. For example, add n_z
cannot be used to prove add (add Zero Zero) Zero = add Zero Zero. Indeed, the term add
Zero Zero is not a value, which means that it cannot be used as argument of a dependent
function. This problem arises very often as proofs rely heavily on dependent functions. As
a consequence, the value restriction breaks the modularity of our proof system.

Surprisingly, our equality types provide a solution to the problem. Indeed, they allow
us to identify terms having the same observable computational behaviour. We can then
relax the restriction to terms that are equivalent to some value. In other words, we consider
that a term u is a value if we can find a value v such that u = v. This idea can be
applied whenever value restriction was previously required. Moreover, the obtained system
is (strictly) more expressive that the one with the syntactic restriction. Indeed, finding a
value that is equivalent to a term that is already a value can always be achieved using
reflexivity. Although this new idea seems simple, establishing the soundness of the obtained
system is relatively subtle [Lepigre 2016].

In practice, using a term as a value is not always immediate. For example, the system
is not able to directly prove that add n m is a value, provided that n and m are two natural
numbers. It is however possible to establish this fact internally as follows.

val rec add total : vn menat, Iv:ii, add nm = v =
fun n m {
case n {
Zero — {}
Succ[k] — 1let ih = add total k m; {}
}
}

Here, add_total proves that for any values n and m in the type nat, there is some value v
such that add nm = v. Note that we did not specifically require v to be a natural number
as this is usually not necessary in practice. Thanks to add_total, we can give a proof of the
associativity of our addition function.
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val rec add asso : Vn m penat, add n (add m p) = add (add n m) p =

fun nmp {
let tot m p = add_total m p;
case n {
Zero — {}

Succ[k] — let tot k m = add total k m;
let ih = add asso k m p; {}

Note that the proof requires two calls to add_total. The first one is used in both the base
case and the induction case. It is required so that the system can unfold the definition of
add n (add m p) according to the head constructor of n. As we are in call-by-value, we can
only reduce the definition of a function when it is applied to values. It is the case here as n is
a variable and add m p is equivalent to some value, as witnessed by tot_m_p. The second call
to add_total is required for a similar reason in the successor case.

1.5 HANDLING UNDECIDABILITY

Typing and subtyping are most likely to be undecidable in our system. Indeed, it contains
Mitchell's variant of System F [Mitchell 1991] for which typing and subtyping are both known
to be undecidable [Tiuryn 1996, Tiuryn 2002, Wells 1994, Wells 1999]. Moreover, as argued in
[Lepigre 2017], we believe that there are no practical, complete semi-algorithms for exten-
sions of System F like ours. Instead, we propose an incomplete semi-algorithm that may fail
or even diverge on a typable program. In practice we almost never meet non termination,
but even in such an eventuality, the user can always interrupt the program to obtain a
relevant error message. This design choice is a very important distinguishing feature of
the system. To our knowledge, such ideas have only be used (and implemented) in some
unpublished work of Christophe Raffalli [Raffalli 1998, Raffalli 1999] and in [Lepigre 2017].

One of the most important ideas, that makes the system practical and possible to imple-
ment, is to only work with syntax-directed typing and subtyping rules. This means that
only one of our typing rules can be applied for each different term constructor. Similarly,
we have only two subtyping rules per type constructor: one where it appears on the left of
the inclusion, and one where it appears on the right. As type-checking can only diverge in
subtyping, an error message can be built using the last applied typing rule. Moreover, all the
undecidability of the system is concentrated into the management of unification variables,
termination checking and equivalence derivation.

As a proof of concept, we implemented our system in a prototype called PML2. The last
version of its source code is available online (http://lepigre.fr/these/). Its implementation
mostly follows the typing and subtyping rules of the system given in Chapter 6. Overall,
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our system provides a similar user experience to statically typed functional languages like
OCaml or Haskell. In such languages, type annotations are also required for advanced
features like polymorphic recursion.

1.6 RELATED WORK AND SIMILAR SYSTEMS

To our knowledge, the combination of call-by-value evaluation, side-effects and depen-
dent products has never been achieved before. At least not for a dependent product fully
compatible with effects and call-by-value. For example, the Aura language [Jia 2008] forbids
dependency on terms that are not values in dependent applications. Similarly, the F*
language [Swamy 2011] relies on (partial) let-normal forms to enforce values in argument
position. Daniel Licata and Robert Harper have defined a notion of positively dependent
types [Licata 2009] which only allow dependency over strictly positive types. Finally, in
languages like ATS [Xi 2003] and DML [Xi 1999] dependencies are limited to a specific
index language.

The system that seems the most similar to ours is NuPrl [Constable 1986], although it
is inconsistent with classical reasoning and not effectful. NuPrl accommodates an obser-
vational equivalence relation similar to ours (Howe's squiggle relation [Howe 1989]). It is
partially reflected in the syntax of the system. Being based on a Kleene style realizability
model, NuPrl can also be used to reason about untyped terms.

The central part of this paper consists in the construction of a classical realizability
model in the style of Jean-Louis Krivine [Krivine 2009]. We rely on a call-by-value presen-
tation which yields a model in three layers (values, terms and stacks). Such a technique
has already been used to account for classical ML-like polymorphism in call-by-value in
the work of Guillaume Munch-Maccagnoni [Munch 2009]. It is here extended to include
dependent products. Note that our main result (Theorem 5.4.15) is unrelated to Lemma 9 in
Munch-Maccagnoni's work [Munch 2009].

The most actively developed proof assistants following the Curry-Howard correspon-
dence are Coq and Agda [CoqTeam 2004, Norell 2008]. The former is based on Coquand
and Huet's calculus of constructions and the latter on Martin-L6f's dependent type theory
[Coquand 1988, Martin-Lif 1982]. These two constructive theories provide dependent types,
which allow the definition of very expressive specifications. Coq and Agda do not directly
give a computational interpretation to classical logic. Classical reasoning can only be done
through a negative translation or the definition of axioms such as the law of the excluded
middle. In particular, these two languages are not effectful. However, they are logically
consistent, which means that they only accept terminating programs. As termination check-
ing is a difficult (and undecidable) problem, many terminating programs are rejected.
Although this is not a problem for formalizing mathematics, this makes programming
tedious. In our system, only proofs need to be shown terminating. Moreover, it is possible
to reason about non-terminating and even untyped programs.
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The TRELLYS project [Casinghino 2014] aims at providing a language in which a consis-
tent core interacts with type-safe dependently-typed programming with general recursion.
Although the language defined in [Casinghino 2014] is call-by-value and effectful, it suffers
from value restriction like Aura [Jia 2008]. The value restriction does not appear explicitly
but is encoded into a well-formedness judgement appearing as the premise of the typing
rule for application. Apart from value restriction, the main difference between the language
of the TRELLYS project and ours resides in the calculus itself. Their calculus is Church-style
(or explicitly typed) while ours is Curry-style (or implicitly typed). In particular, their terms
and types are defined simultaneously, while our type system is constructed on top of an
untyped calculus.

Another similar system can be found in the work of Alexandre Miquel on the implicit
calculus of inductive constructions [Miquel 2001], in which quantifiers are Curry-style. This
system has been extended with classical logic at the level of propositions [Miquel 2007], but
the considered language is call-by-name. As a consequence, it does not have to deal with
the soundness issues that arise in call-by-value.

The PVS system [Owre 1996] is similar to ours as it is based on classical higher-order
logic. However this tool does not seem to be a programming language, but rather a specifi-
cation language coupled with proof checking and model checking utilities. It is nonetheless
worth mentioning that the undecidability of PVS's type system is handled by generating
proof obligations. The Why3 language [Fillidtre 2013] also relies on generated proof obliga-
tions but it embeds a programming language (called WhyML) corresponding to a very
restricted subset of ML. Our system takes a completely different approach and relies on a
non-backtracking type-checking algorithm. Although our system is likely to be undecidable,
we argue as in [Lepigre 2017] that this seems not to be a problem in practice and allows for
a simpler implementation of the type system.

Several systems have been proposed for proving ML programs. ProPre [Manoury 1992]
relies on a notion of algorithms, corresponding to equational specifications of programs.
It is used in conjunction with a type system based on intuitionistic logic. Although it is
possible to use classical logic to prove that a program meets its specification, the underlying
programming language is not effectful. Similarly, the PAF! system [Baro 2003] implements
a logic supporting proofs of programs, but it is restricted to a purely functional subset
of ML. Another approach for reasoning about purely functional ML programs is given in
[Régis-Gianas 2007], where Hoare logic is used to specify program properties. Finally, it is
also possible to reason about ML programs (including effectful ones) by compiling them
down to higher-order formulas [Chargueraud 2010, Chargueraud 2011], which can then be
manipulated using an external prover like Coq [CoqTeam 2004]. In this case, the user is
required to master at least two languages, contrary to our system in which programming
and proving take place in a uniform framework.
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1.7 THESIS OVERVIEW

The starting point of this thesis is an untyped, call-by-value language. It is defined in
Chapter 2, following a gentle introduction to the A-calculus and its evaluation in abstract
machines. The formal definition of our language is itself based on an abstract environment
machine, which allows us to account for computational effects easily. Another benefit of this
presentation is that it provides a natural definition of contextual equivalence. It is given in
Chapter 3, where a broader class of relations is studied.

A higher-order type system for our language, together with its semantics, is then
defined in Chapter 4. Its most singular feature is an equality type over terms, that is
interpreted using the untyped notion of equivalence described in Chapter 2. This enables
the specification of program properties that can then be proved using equational reasoning.
The adequacy of our type system with respect to its semantics is then proved using classical
realizability techniques. As our language is call-by-value, the interpretation of types is
spread among three sets related by orthogonality: a set of values, a set of evaluation contexts
and a set of terms.

The type system defined in Chapter 4 provides a weak form of dependent function type,
which can be used to preform typed quantification. However, value restriction is required
on the arguments of dependent functions, which makes them practically useless. Chapter
5 provides a solution to this problem by proposing a relaxed restriction expressed using
observational equivalence. The soundness of this new approach is established by construct-
ing a novel (and somewhat surprising) realizability model. It relies on a new instruction,
that internalises our notion of program equivalence into the reduction relation of our
abstract machine. For the definition of reduction and equivalence not to be circular, we
need to rely on a stratified construction of these relations.

In Chapter 6, a more practical approach is taken. The system is extended with a notion
of subtyping, which yields a system that can be directly implemented with syntax-directed
rules. While remaining compatible with the realizability model of Chapter 5, our notion of
subtyping is able to handle all the connectives that do not have algorithmic contents. This
means that quantifiers and equality types are only managed by subtyping. At the end of
Chapter 6, we sketch the extension of the system with inductive and coinductive types, and
with general recursion. To this aim, we rely on a recently submitted paper [Lepigre 2017].

Finally, Chapter 7 is dedicated to examples of programs and proofs and to discussions
on the implementation of the system. The source code of the prototype is distributed with
this document. The latest version of the prototype, this document and other attached files
are available online (http://lepigre.fr/these/).
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"), UNTYPED CALCULUS AND
ABSTRACT MACHINE

In this chapter, we introduce the programming language that will be considered throughout
this thesis. Its operational semantics is expressed in terms of an abstract machine, which
will allow us to account for computational effects.

2..1 THE PURE A-CALCULUS

In this thesis, we consider a programming language of the ML family, similar to OCaml or
SML. Like every functional language, its syntax is based on the A-calculus. Introduced by
Alonzo Church in the Thirties, the A-calculus [Church 1941] is a formalism for representing
computable functions, and in particular recursive functions. As shown by Alan Turing, the
A-calculus is a universal model of computation [Turing 1937].

Definition 2.1.1. The terms of the A-calculus (or A-terms) are built from a countable
alphabet of variables (or A-variables) V, = {x, y, z...}. The set of all the A-terms is denoted
A and is defined as the language recognised by the following BNF grammar.

t,uz=x|Axt|tu x €V

A term of the form Ax.t is called an abstraction (or A-abstractions) and a term of the form
t u is called an application.

Remark 2.1.2. Throughout this thesis, the definition of languages using BNF grammars
will implicitly introduce a naming convention for meta-variables. For example, the above
definition implies that the letters t and u (with a possible subscript) will always be used
to denote elements of A.
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Intuitively, a A-abstraction Ax.t forms a function by binding the variable x in the term t.
This would be denoted x +— t in common mathematics. Similarly, a term of the form t u
denotes the application of (the function) t to (the argument) u. This would be denoted
t(u) in common mathematics.

Remark 2.1.3. As A-terms have a tree-like structure, parentheses are sometimes required
for disambiguation. For example, the term Ax.t u can be read both as (Ax.t) u and as
Ax.(t u). To lighten the notations we will consider application to be left-associative and to
have higher precedence than abstraction. As a consequence, we will always read the term
Ax.tx uwas Ax.((t x) u).

Remark 2.1.4. The syntax of the A-calculus only allows for one-place functions. To form a
function of two arguments (or more) one must rely on Curryfication. Indeed, a function of
two arguments can be seen as a function of one argument returning a function. Following
this scheme, the multiple arguments of the function are given in turn, and not simulta-
neously. As an example, the function (x, y) — x can be encoded as Ax.Ay.x.

Although this is not reflected explicitly in the syntax of A-terms, a A-variable may play
two very different roles. It can be used either as a constant, like y in the constant function
Ax.y, or as a reference to a binder, like x in the identity function Ax.x. Variable binding
and the associated notions of free and bound variable are hence essential.

Definition 2.1.5. Given a term t, we denote by FV(t) the set of its free A-variables and BV(t)
the set of its bound A-variables. These sets are defined inductively on the structure of the
term t.

FV(x) = {x} BV(x) = @
FV(Ax.t) = FV(t)\{x} BV(Ax.t) = BV(t) U {x}
FV(t u) = FV(t) U FV(u) BV(t u) = BV(t) UBV(u)

Remark 2.1.6. Nothing prevents a A-variable to have both free and bound occurrences in
a term. For example, in t = Ax.y Ay.x y the first occurrence of y is free while its second
occurrence is bound. We have y € FV(t) = {y} and y € BV(t) = {x, y}.

When a A-abstraction (i.e., a function) is applied to an argument, we obtain a term
of the form (Ax.t) u, called a 3-redex. The reduction of such p-redexes plays an essential
role in computation. Intuitively, the reduction of the f-redex (Ax.t) u will be performed by
replacing every occurrence of the bound variable x by u in the term t. This operation, called
substitution, is formally defined as follows.
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Definition 2.1.7. Let t € A and u € A be two A-terms, and x € V, be a A-variable. We
denote t[x « u] the term t in which every free occurrence of x has been replaced by wu.
This operation is defined inductively on the structure of t.

[l

xx—u =u (Ay.t)x —u] = Ay.tlx « u
yxe—u =y (t; t)x —ul = tx u] t[x « ul

Axt)x—ul = Ax.t

Substitution is a subtle notion, and care should be taken to avoid capture of variables.
For example, let us consider the function Ax.Ay.x which takes an argument x and returns
a constant function with value x. If we apply this function to y, the expected result is a
constant function with value y. However, if we blindly substitute x with y in Ay.x we
obtain the identity function Ay.y. Indeed, the free variable y has been captured and now
references a binder that had (coincidentally) the same name.

To solve this problem, we need to make sure that whenever a substitution t[x « u]
is performed, no free variable of u is bound in t (i.e., FV(u) N BV(t) = ¢). Although we
cannot rename the free variables of u, it is possible to rename the bound variables of
t. Indeed, changing the name of a bound variable has no effect on the computational
behaviour of a term. Two terms that are equivalent up to the names of their bound variables
are said to be o«-equivalent.

Definition 2.1.8. The «-equivalence relation (=,) C AxA is defined, like in [Krivine 1990],
as the smallest relation such that:

- if x €V then x =, x,

- if t; =, t, and u; =, u, then t; u; =4 t, u,,

- if 410x; &yl #, talx; Y] for only finitely many y € V, then Ax;.t; =4 Ax,.ts.

Lemma 2.1.9. Given aterm t € A and a finite set of variables V C 'V, it is always possible
to find a term t, € A such that t, =, t and BV(t,) NV = ¢.

Proof. A full proof is available in [Krivine 1990, Lemma 1.11]. O
Definition 2.1.10. Let t € A and u € A be two A-terms, and x € V, be a A-variable. We
denote t[x := u] the capture-avoiding substitution of x by u in t. It is defined as to[x « u]

where t, € A is a term such that t, =, t and BV(ty) N FV(u) = @. Such a term exists
according to Lemma 2.1.9.
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2..2. EVALUATION CONTEXTS AND REDUCTION

To define the most general notion of reduction over A-terms, we need to be able to refer
to any (3-redex. To this aim, we introduce the notion of evaluation context. Intuitively, a
context will consist in a term with a hole (i.e., a place-holder for a subterm) and it will allow
us to focus on any particular subterm of a term.

Definition 2.2.11. The set of evaluation contexts [A] is defined as the language recognised
by the following BNF grammar.

E,Fu:=[-]|AE|Et|tE xeV,teA

Definition 2.2.12. Given a term u € A and an evaluation context E € [A], we denote
E[u] the term formed by putting u into the hole of the evaluation context E. It is defined
by induction on the structure of E as follows.

Hu =u (Et)u] = E[ul t
(Ax.E)[u] = Ax.E[u] (tE)W = t E[u]

Remark 2.2.13. Note that free variables of a term u may be captured when forming E[u].
For example, if we take u = x and E = Ax.Ay.[-] then x is free in u, but it does not appear
free in E[u] = Ax.Ay.x.

Definition 2.2.14. Given a set of evaluation contexts C C [A], we denote R(C) C AxA
the B-reduction relation induced by C. It is defined as the smallest relation such that for
every E € C, for every terms t € A and u € A, and for every variable x € 'V, we have
the following.

(E[(Ax.t) ul, E[t[x :=u]]) € R(C)

Definition 2.2.15. The general 3-reduction (—;) € AXA is defined as R([A]). We say
that the term t € A is in 3-normal-form if there is no u € A such that t —; u. We
denote (—}) the reflexive, transitive closure of (—p).

The general f-reduction relation (—) is non-deterministic. Indeed, given a term t,
there might be two (different) terms u, and u, such that t —4 u;and t —p u,. For exam-
ple, (Ax1.%7) Ax2.x5) ((Ax3.x3) Ax4.x4) can either reduce to (Ax,.x;) ((Ax3.x3) Ax4.x4) Or
to ((Axq.x7) Ax.X5) (Ax4.X4). Indeed, we can focus on the f3-redex (Ax;.x;) Ax,.x, using
the evaluation context [—] ((Ax3.x3) Ax4.x4), or on the B-redex (Axs.x3) Ax,4.x4 using the
evaluation context ((Ax;.x;) Ax,.x,) [-]. Although it is non-deterministic, the general f3-
reduction relation (—) has the Church-Rosser property [Church 1936].
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Theorem 2.2.16. Let t € A be a term. If there are u; € A and u, € A such that t —§
and t —} u,, then there must be u € A such that u; —§ w and u, —} u.

Proof. A full proof is available in [Church 1936] or [Barendregt 1981] for example. O

Intuitively, the Church-Rosser property enforces a weak form of determinism. Indeed, it
implies that a program can only compute one particular result, even if it can be attained
in several different ways.

In the following, we are going to consider an effectful language that does not have the
Church-Rosser property. As a consequence, we will need to restrict ourselves to a deter-
ministic subset of the general (3-reduction relation. If we were to work with a completely
non-deterministic reduction relation, it would be extremely difficult to reason about our
language. Programs would not only compute different possible results, but also terminate
in a non-deterministic way.

The choice of the order in which (3-redexes are reduced is called an evaluation strategy.
The two evaluation strategies that are the most widely used in practice are called call-by-
name and call-by-value. They both reduce outermost B-redexes first, and do not reduce
[-redexes that are contained in the body of a A-abstraction. This means that the term
Ax.(Ay.y) x is considered to be in normal form and cannot be evaluated further. In call-by-
name, terms that are in function position are reduced first, and the computation of their
arguments is delayed to the time of their effective use. In call-by-value, both arguments
and functions are evaluated before performing the (3-reduction. One way to formalize these
evaluation strategies is to restrict the notion of evaluation context, to only allow focusing on
the B-redex that is going to be reduced next.

Definition 2.2.17. The set of call-by-name evaluation contexts [N] C [A] is defined as the
language recognised by the following BNF grammar.

E,Fu=[]|Et teA
The call-by-name reduction relation (—y) € AXA is defined as R([N]).

In call-by-value, both the function and its argument need to be evaluated before the
application can be performed. Consequently, two different call-by-value strategies can be
defined: left-to-right and right-to-left call-by-value evaluation. The former evaluates the
terms that are in function position first and the latter evaluates the terms that are in
argument position first. Although left-to-right call-by-value evaluation is most widely used,
some practical languages like OCaml use right-to-left evaluation. In this thesis, we make
the same choice and only consider right-to-left call-by-value evaluation.
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Definition 2.2.18. A term t is said to be a value if it is either a A-variable or a A-abstraction.
The set A, C A of all the values is generated by the following BNF grammar.

v, wi= x| Ax.t x €V,

Definition 2.2.19. The set of right-to-left call-by-value evaluation contexts [V] C [A] is
defined as the language recognised by the following BNF grammar.

E,2Fa:=[H|EvVv]|tE veA,teA
The right-to-left call-by-value reduction relation (—v) C AXA is defined as R([V]).

Remark 2.2.20. Left-to-right call-by-value evaluation can be defined using the evaluation
contexts generated by the following BNF grammar.

E,Fz:=[]|Et|VvE teA,veA,
A given term of the A-calculus may reduce in very different ways depending on what
evaluation strategy is chosen. For example, the evaluation of (Ay.z) ((Ax.x x) (Ax.x x))
stops in one step in call-by-name
(Ay.z) (Axx x) (Axx x)) =N 2
and it goes into a loop in call-by-value.
(Ay.z) (Axx x) (Axx x)) =v (Ay.z) ((Ax.x x) (Ax.x x))
Remark 2.2.21. Our reduction relations can be alternatively defined using deduction rules.

A deduction rule is formed using premisses {P;} and a conclusion C separated by an
horizontal bar.

1<i<n

P, .. P
C

The meaning of such a rule is that the conclusion C can be deduced when all the premisses
P, are true. In particular, if there is no premise then the conclusion can be deduced
immediately. Using this formalism, the call-by-name reduction corresponds to the smallest
relation satisfying the following two rules.

_bhiont
(Ax.t) u —y tx =] thu—-ntu
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Similarly, the right-to-left call-by-value reduction relation (—/) corresponds to the smallest
relation satisfying the following three rules.

U —v Uy ti—=2v b
(Ax.t) v —y tlx =] tu =y tw, tv vty

In this thesis, A-terms and programs in general will be evaluated in an abstract machine
called a Krivine machine [Krivine 2007]. This machine will emulate the right-to-left evalu-
ation relation (—y). It will provide us with a computational framework in which programs
and their evaluation contexts can be manipulated easily.

2..3 CALL-BY-VALUE KRIVINE MACHINE

In the previous section, we introduced the syntax of the A-calculus and the evaluation of
A-terms. We will now reformulate these definitions in terms of a call-by-value Krivine
abstract machine [Krivine 2007]. Our presentation will differ from the original machine,
which is call-by-name. Although call-by-value Krivine machines have rarely been published,
they are well-known in the classical realizability and compiler communities.

The main idea behind the Krivine abstract machine is to think of a term t, € A as a
pair (t, E) € Ax[V] such that t, = E[t] (the term t is said to be in head position). Using
this representation, 3-reduction proceeds in two steps. First, the machine state (t, E) is
transformed into a state of the form ((Ax.u) v, F), in such a way that E[t] = F[(Ax.u) v].
The B-redex can then be reduced to obtain the state (u[x:=v], F). This behaviour can
be attained using the following reduction rules, which are obtained naturally from the
definition of right-to-left call-by-value evaluation.

(tu,B) —  (u,E[t[HD) when u ¢ A,
v, Elt D) —  (tv,E)
(tv,E) —  (t,E[-V]) when t ¢ A,
(V>E[[_] W]) — (VW>E)
(Ax.t)v,E)  —  (tlx:=v],E)

The four first rules are responsible for bringing the next (3-redex (according to our reduc-
tion strategy) in head position, and the last rule performs the 3-reduction. Note that the
first four rules do not change the represented term, and only move arguments or functions
between the term and the evaluation context. Our set of reduction rules can be simplified to
the following, by composing the last two pairs of rules.
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(tu,BE) —  (u,E[t[H])
W EtHD —  (t, E[H V)
(M.t,E[Hv]) — (tx=v],E)

The first rule is used to focus on the argument of an application, to compute it first.
When the argument has been evaluated to a value, the second rule can be used to swap
the argument with the unevaluated function. The computation can then continue with the
evaluation of the function, which should (hopefully) evaluate to a A-abstraction. If this is the
case, the third rule can be applied to actually perform the 3-reduction.

The state of the abstract machine can be seen as a zipper [Huef 1997] on the tree
structure of a term. Indeed, the term that is in head position is the subterm on which
the machine is focusing. It is also worth noting that the machine manipulates evaluation
contexts from the inside out, which results in a heavy syntax. However, it is possible to
represent right-to-left call-by-value evaluation contexts using a stack of functions (i.e.,
terms) and argument (i.e., values). We will take this approach in the following.

Definition 2.3.22. Values, terms, stacks and processes are generated by the following BNF
grammar. The names of the corresponding sets are displayed on the left.

(A) v,w 1= x| Ax.t x €V
(A) t,uz=v/|tu

(1m) m, & u=¢e|v.m|[tln

(AXTT) P,q == txm

The syntactic distinction between terms and values is specific to the call-by-value presenta-
tion, they would be collapsed in call-by-name. Intuitively, a stack can be thought of as an
evaluation context represented as a list of terms and values. The values can be seen as
arguments to be fed to the term in the context, and the terms can be considered as
functions to which the term in the context will be applied. The symbol ¢ is used to denote
an empty stack. A process t * 7t forms the state of our abstract machine, and its reduction
will consist in the interaction between the term t and its evaluation context encoded into
the stack .

Since our calculus is call-by-value, only values are (and should be) substituted to A-
variables during evaluation. From now on, we will hence work with the following definition
of substitution. In particular, a substitution of the form t[x := u] will be forbidden if wu is
not a syntactic value.

Definition 2.3.23. Let t € A be a term, x € V, be a A-variable and v € A be a value. We
denote t[x := V] the capture-avoiding substitution of x by v in t.
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Definition 2.3.24. The reduction relation (>) C (AXTT)x(AXxIT) is the smallest relation
satisfying the following rules. We denote (>*) its reflexive and transitive closure.

tuxmt > ux[tn
vx[tlm > txv.m
Ax.txv.m > tlxi=vikw

Three reduction rules are used to handle call-by-value evaluation. When an application is
encountered, the function is stored in a stack-frame in order to evaluate its argument first.
Once the argument has been completely computed, a value faces the stack-frame containing
the function. At this point the function can be evaluated and the value is stored in the stack,
ready to be consumed by the function as soon as it evaluates to a A-abstraction. A capture-
avoiding substitution can then be performed to effectively apply the argument to the
function. As an example, (Ax.x y) Az.z * ¢ reduces to y * € as follows and it cannot evaluate
further.

(Ax.x y) Az.z xe > Az.z % [Ax.x yle

> AXXY*Az.z. €

> (Az.z) yxe
> yx[Az.z]e
> Az.z%xYy.¢€
> Yy*ke
Remark 2.3.25. It is possible to prove that the abstract machine and its (>) reduction
relation indeed implement the (—,) evaluation on A-terms. Although this result is not
required here, it has been formalised by the author in the Coq proof assistant [CoqTeam
2004]. The proof sketch is available online (http://lepigre.fr/these/cbvMachine.v).

Remark 2.3.26. A left-to-right call-by-value machine can be defined in a similar way by
swapping the roles of terms and values in stacks (stack frames contain values and terms are
pushed on the stack). The reduction relation is then the following.

tuxm > txu.m
VAU.LTT >p Wk [Vm
vx[Axtlmr >y tlxi=vixm

The state of our abstract machine contains two parts: a term being evaluated (i.e., the
term in head position) and its evaluation context (i.e., the stack). As a consequence, it is
possible to define reduction rules that manipulate the stack (i.e., the evaluation context)
as a first class object. Such reduction rules produce computational effects.
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2..4 COMPUTATIONAL EFFECTS AND }\H-CALCULUS

In the programming languages community, computational effects (a.k.a. side-effects) refer
to modifications made by a program to its environment as a byproduct of the computation
of its result. For example, a program may generate computational effects by writing to a
tape, or by modifying the value of a global memory cell. In our calculus, the environment of
a program (i.e., a term) only consists of an evaluation context encoded as a stack. Compu-
tational effects can hence be produced if a program is able to modify the stack as a whole
during its evaluation in the abstract machine.

We are now going to extend our calculus and our abstract machine with operations
allowing the manipulation of the stack. More precisely, we will provide a way to save the
stack (i.e., the evaluation context), so that it can be restored at a later stage. A natural way to
extend our language is to use the syntax of (Philippe de Groote's variant of) Michel Parigot's
Ap-calculus [Parigot 1992, de Groote 1994]. We hence introduce a new binder po.t capturing
the current stack in the p-variable . The stack can then be restored in t using the syntax
[]u.

Definition 2.4.27. Let V), = {«, [, ...} be a countable set of p-variables (or stack variables)
disjoint from V. Values, terms, stacks and processes are now generated by the following
grammar. The names of the corresponding sets are displayed on the left.

(A) v,w = x| Ax.t x eV,
(A) t,uz=v|tu]|pat|[at

(TT) n, & = ¢|alv.m|tln x eV,
(AXTT) pP,q == txm

Note that terms of the form [7i]t will only be available to the user if 7t is a stack variable.
Allowing arbitrary stacks allows us to substitute p-variables by stacks during computation.
Like with A-variable, we will need to be careful and avoid variable capture. However, we will
not give the full details this time.

Definition 2.4.28. Given a value, term, stack or process 1, we denote FV(1) (resp. BV(1))
the set of its free (resp. bound) A-variables and FV, (1) (resp. BV,(1))) the set of its free (resp.

bound) p-variables. These sets are defined in a similar way to Definition 2.1.5.

Definition 2.4.29. Let t € A be a term, 7t € TT be a stack and o € V), be a p-variable. We
denote t[o := 71 the (capture-avoiding) substitution of « by 7 in t.

Definition 2.4.30. The reduction relation (>) is extended with two new reduction rules.
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tuxmT > ux[tlw
viftlm >  txv.m
Ax.txv.m > tlxi=v]xm
woetxmm > tlo=mlxm
Eltxt > tx*x&

When the abstract machine encounters a p-abstraction pec.t, the current stack 7t is substi-
tuted to the p-variables . Consequently, every subterm of the form [«]u in t becomes [7T]u.
When the machine then reaches a state of the form [&]u * 71, the current stack 7t is erased,
and computation resumes with the stored stack &. For example, if t and v are arbitrary
terms and values, then the process Ax.po.t [o)x * v. € reduces as follows.

Ax.poet [ax *xv.e > poetlx:=v] [alv ke
> tlx:=v] [e]lvxe
> lelvx [tx:=v]e
>vike

Note that when a stack is erased, arbitrary terms might be erased. In particular, we could
have chosen t = QO = (Ax.x x) Ax.x x in the previous example, although the reduction of
this term does not terminate. Indeed, we have

Qx7 > A.X X * [Ax.x x|t
> AXX X * AXX X . TT
> Q%7

for every possible stack 7t.

The abstract machine defined in this section can be used for evaluating terms of
the Ap-calculus. Although this language is very elegant and concise, it is not suitable for
practical programming. In the following section, our language will be extended with records
(i.e., tuples with named fields) and variants (i.e., constructors and pattern-matching). We
will thus obtain a simple language with a concise formal definition, but that will be closer
to being a practical programming language.

2.5 FULL SYNTAX AND OPERATIONAL SEMANTICS

In this section, we present the syntax and the reduction relation of the abstract machine
that will be considered throughout this thesis. Although the following extends definitions
given in the previous sections, we choose not to avoid repetitions so that this section
remains completely self-contained.

In this thesis, we consider a language expressed in terms of a Krivine Abstract Machine
[Krivine 2007]. Our machine has the peculiarity of being call-by-value, which requires a
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syntax formed with four entities: values, terms, stacks and processes. Note that the distinc-
tion between terms and values is specific to our call-by-value presentation, they would be
collapsed in call-by-name.

Definition 2.5.31. We require three disjoint, countable sets of variables: V, = {x, y, z ...}
for A-variables, V), = {«, B, v...} for p-variables, V. = {a, b, c...} for term variables.

As usual, A-variables and p-variables will be bound in terms to respectively form functions
and capture continuations. Term variables are intended to be substituted by (unevaluated)
terms, and not only values. They will be bound in types to express properties ranging over
the set of all terms (see Chapter 4).

Definition 2.5.32. Values, terms, stacks and processes are mutually inductively defined as
the languages recognised by the following BNF grammar. The names of the corresponding
sets are displayed on the left.

(A) v,w = x| At [ G [ {(Li=v),_) | o
(/\) t) u = a | v ‘ tu | H(Xt | [Tdt | V'lk | [V| (C'L[XL] _)ti)iel] | Yt,v ‘ Rv,t | 6v,w
(TT) T, p = ¢|laxlv.m| tn

(AXITT) P,q = txm

Terms and values form a variation of the An-calculus [Parigot 1992], enriched with ML-like
constructs (i.e., records and variants). Values of the form C[v] (where k € N) correspond
to variants, or constructors. Note that they always have exactly one argument in our
language. Case analysis on variants is performed using the syntax [v[(Cilx;] = t;), ], in
which the pattern C;[x;] is mapped to the term t; for all i in I C. N. Similarly, values
like {(1; = vy),_} correspond to records, which are tuples with named fields. The projection
operation v.l, can be used to access the value labelled 1y in a record v.

Remark 2.5.33. The syntax [v|(C;[x;] — ti)iel] for matchings and the syntax {(1; = vi)id}
for records are part of our meta-language. We only use them as shortcuts to designate
arbitrary lists of patterns or record fields. In the actual syntax, the full list of patterns or
fields always needs to be specified. For example, we would write {1, =v;;1l, =v,} for a

record or [v| C;[x;] = t;| Cylx,] — t,] for a case analysis when I = {1, 2}.

Terms of the form Y;, denote a fixpoint, which can be used for general recursion. They
roughly corresponds to OCaml's “let rec” construct. The value o and terms of form R, ; or
8, are only included for technical purposes. In particular, they are not intended to be used
for programming. The value 0 will be used in the definition of our semantics (see Chapters
4 and 6). Terms of the form R, , will help us to distinguish records from other sorts of values

36



in our definition of observational equivalence (see Chapter 3). Finally, terms of the form
b, will be used to obtain an essential property of our realizability model (see Chapter s,
Theorem 5.4.15).

A stack can be either the empty stack ¢, a stack variable «, a value pushed on top of a
stack v. 7, or a stack frame containing a term on top of a stack [t]7r. The need for two stack
constructors is specific to the call-by-value presentation as a stack not only needs to store
the arguments to functions, but also the functions themselves while their arguments are
being computed. In call-by-name only the arguments are stored in the stack.

Remark 2.5.34. We enforce values in constructors, record fields, projections and case
analysis. This makes the calculus simpler because only [3-reduction needs to manipulate the
stack. Syntactic sugar such as the following can be defined to hide these restrictions.

tl = (Axxd ) t Clt] == (Ax.Cy[x]) t

Note that the elimination of such syntactic sugar corresponds to a form of partial let-
normalization [Moggi 1989] or A-normalization [Flanagan 1993]. The translation can hence
be seen as a natural compilation step [Tarditi 1996, Chlipala 2005].

Definition 2.5.35. Given a value, term, stack or process \ we denote FV(1p) (resp. FV;(1),
FV. (1)) the set of free A-variables (resp. free p-variables, term variables) contained in . We
also denote FV(1) = FV(1) U FV,(¥) U FV(1h) the set of all the free variables of . We say
that 1 is closed if FV({p) = . We denote A’, the set of all the closed values, A’ the set of all
the closed terms and TT* the set of all the closed stacks.

Definition 2.5.36. A substitution is a map p such that for all x € 'V, we have p(x) € A, for all
« €V, we have p(x) € TT and for all a € V. we have p(a) € A. For p to be a substitution,
we also require that p(x) # x for only finitely many x € V,U V, U V.. We denote 8 the
set of all the substitutions and dom(p) = {x | p(x) # x} the domain of the substitution
p. In particular, the substitution p;q € S is called the identity substitution and is defined as
Pi(x) = x forall x € VUV, U V..

Definition 2.5.37. For every p € 8 we denote p[x := V] the substitution remapping variable
x € V.tov € A in p. In particular, (p[x :=v])(x) = v and (plx :=v])(x) = p(x) if x # x.
Similarly, we denote p[x = 7] the substitution remapping « € V, to m € TT in p and
pla :=t] the substitution remapping a € V. to t € A in p. In the case where p = p;q we will
write [x:= V], [0 =] and [a:=t].
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Definition 2.5.38. Let p € S be a substitution and 1\ be a value, term, stack or process.
We denote Pp the value, term, stack or process formed by simultaneously substituting
(without capture) every variable x € FV({) with p(x) in .

Definition 2.5.39. Given p;, p, € 8 we denote p;op, the substitution formed by composing
p; and p,. It is defined by taking (p;op,)(x) = (pa(x))p; for all x € dom(p,) and it
coincides with p; on every other variables. In particular, if \ is a value, term, stack or

process we will have P (p;0p,) = (Pp;y)ps.

Processes form the internal state of our abstract machine. They are to be thought of
as a term put in some evaluation context represented using a stack. Intuitively, the stack 7
in the process t % 7t contains the arguments to be fed to t. Since we are in call-by-value
the stack also handles the storing of functions while their arguments are being evaluated.
This is why we need stack frames (i.e., stacks of the form [t]7r). The operational semantics
of our language is given by a relation (>) over processes.

Definition 2.5.40. The relation (>) C (AXTT)x(AxIT) is defined as the smallest relation
satisfying the following reduction rules.

tuxm > ux[tw
vi[tlm >  txv.m when v ¢ V U {o}
MA.txv.m > tlxi=vikmw
woetxm > tlo=mxT
Eltxmt > tx§
{Li=w), _plhexm > wxm when k € 1
[CVIHCibxd = t), Jxm > tilxg=v]*m when k € 1
Yiu*xm >t (A, ) vxm
Rit=v) Ju¥T > UXT
O * [tlm > oxm
O%v.m > O%7
o] (Cixi] — ti)ia] ¥7T >  O%T
olyxt > O%T7

We will denote (>") its transitive closure, (>*) its reflexive-transitive closure and (>*) its
k-fold application.

The first three rules are those that handle 3-reduction. When the abstract machine encoun-
ters an application, the function is stored in a stack-frame in order to evaluate its argument
first. Once the argument has been completely computed, a value faces the stack-frame
containing the function. At this point the function can be evaluated and the value is stored
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in the stack ready to be consumed by the function as soon as it evaluates to a A-abstraction.
A capture-avoiding substitution can then be performed to effectively apply the argument to
the function. The fourth and fifth rules rules handle the classical part of computation. When
a p-abstraction is reached, the current stack is captured and substituted for the correspond-
ing p-variable. Conversely, when a term of the form [E]t is reached, the current stack is
discarded and evaluation resumes with the process t * . In addition to the reduction rules
for B-reduction and stack manipulation, we provide reduction rules for handling record
projection, case analysis and recursion using a fixpoint operator.

A rule is then provided for reducing processes of the form R, * 7t to u* 7 when
the value v is a record. Note that if v is not a record then no reduction rule apply on
processes of the form R, * 7. These facts will be used in Chapter 3 to show that records,
A-abstractions and other forms of values have a different computational behaviour in our
abstract machine. The last four rules are used to handle the special value o. Intuitively, o
may consume the surrounding part of its computational environment when it consists of a
term in function position, a value in argument position, a case analysis or a projection. This
will be discussed further when defining the semantical interpretation of our type system in
Chapter 4 and Chapter 6.

Remark 2.5.41. Our reduction relation (>) does not provide any way of reducing processes
of the form &,,,, *x 7t. We will give a reduction rule for such processes in Chapter 5. However,
they can be considered as constants for now.

Theorem 2.5.42. Let p € 8 be a substitution and p, q € AXIT be two processes. If p > q
(resp. p >* d, p >* q, p >* q) then pp > qp (resp. pp >* qp, PP >* qp, pp >* qp).

Proof. Case analysis on the reduction rules, all rules being local. O

2..6 CLASSIFICATION OF PROCESSES

We are now going to give the vocabulary that will be used to describe some specific classes
of processes. In particular we need to identify processes that are to be considered as the
evidence of a successful computation, and those that are to be recognised as the expression
of a failure of the machine (i.e., a crash).

Definition 2.6.43. A process p € AXIT is said to be:

final if p = v x e for some value v € A,

d-like if p = o, * 7t for some values v, w € A, and a stack 7 €T,

blocked if there is no q € AXIT such that p > q,

stuck if it is not final nor §-like and if pp is blocked for every substitution p,
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- non-terminating if there is an infinite sequence of processes (pi)ieN such that py = p
and for all i € N we have p; > pi1-

When a process becomes stuck, non-terminating or 8-like during its reduction, it will
remain so forever. In particular, no substitution will ever be able to turn it into a process
that might lead to a successful end of computation (i.e., reduce to a final process).

Lemma 2.6.44. Let p € AXIT be a process and p € 8 be a substitution. If p is final (resp.
b-like, stuck, non-terminating), then so is pp.

Proof. If pis final then p = v x ¢ for some v € A . Since (v*¢&)p = vp * ep = vp * ¢ the
process pp is also final. If p is d-like then p = 3,,, * 7 for some v, w € A, and 7 € TI.
Since (8., * )p = (8,,,)p * TP = & * TP the process pp is also d-like. If p is stuck,
then we suppose that there is a substitution p, € 8 such that (pp)p, is not blocked. This
contradicts the fact that p is stuck since p(pyop) = (pp)py is not blocked, and hence the
process pp is stuck. Finally, if p is non-terminating then we have a sequence (pi)ieN such
that py = p and p; > p;4; for all i € N. To show that pp is non-terminating we need to
construct a sequence (qi)ieN such that qy = pp and q; > q;,; for all i € N. We can take
q; = pip for all i € N. Indeed, we have q, = pp since p, = p and for all i € N we have
Pip > PipP by Lemma 2.5.42 as p; > pip- O

Lemma 2.6.45. A process is stuck if and only if it is of one of the following forms, where n,
m,k e Nand [, ], KC. N such that k ¢ K.

C.ML.L, x7 (Ax.t).l,, *x 7 C.*xw.m {(Li=w), _pxv.m
Pt (Cibed =), ) * {(L=v), J (Gl =) Jxm
[CVIT(Cilxid = t), ( Jx {(Li=wv), o lexm
Raxtu 70 Re pju* 7 Rou* 7

Proof. Using a simple case analysis we first rule out the thirteen forms of processes that
immediately reduce using (>). As stuck processes are neither final nor §-like, we can again
rule out two forms of processes. We are now left with eighteen forms of processes, among
which seven are not stuck (see the proof of Lemma 2.6.46). It is easy to see that the eleven
remaining forms of processes are stuck. Indeed, given their structure no reduction rule will
ever apply to them, even after a substitution. O

The proof of Lemma 2.6.45 has been (partially) checked using OCaml's exhaustivity checker

for patterns. Indeed, the abstract syntax tree corresponding to our language can be encoded
into OCaml data types easily. It is then possible to use pattern matching to enumerate
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possible forms of processes in such a way that it is neither redundant nor incomplete (i.e.,
that the OCaml compiler does not complain with a warning). The OCaml source file used for
this purpose is available online (http://lepigre.fr/these/classification.ml).

Lemma 2.6.46. A blocked process p € AXITI is either stuck, final, 5-like, or of one of the
following seven forms.

XLy * 70 X* V.7 x| (Cilxid = ), J* 7

iel

X * [t Ryu* T a*xT vk

Proof. As for Lemma 2.6.45, we can rule out the thirteen forms of processes that immedi-
ately reduce using (>), final processes and d-like processes. After ruling out the eleven
forms of stuck processes of Lemma 2.6.45 we are left with seven forms of processes. It
remains to show that they are not stuck by finding a substitution p € § unlocking their
reduction. For processes of the first four forms we can take p = [x := O] since we have
respectively 0.l x tp > O % 7wp, O x vp.7p > O % 7tp, [O| (Cilxi] — tip)id] ¥ 70 > 0O % 7Ip
and o * [tp]mtp > O * 7tp. For a process of the form R, , * 7t we take can p = [x:={}] as
Rijup * TP > up x 7p. For a process of the form a * 7t we can take p = [a = {1, = {}}.1;]
as {ly={}}.ly x 7tp > {} * 7p. For a process of the form v x o« we can take p = [« = [{}]¢]
as we will have vp x [{}]e > {} x vp.c if v # 0 and vp x [{}Je > O *x ¢ otherwise. O
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3 OBSERVATIONAL EQUIVALENCE
OF PROGRAMS

In this chapter, we introduce an equivalence relation over programs. Two programs will be
considered equivalent if and only if they have the same observable behaviour in terms of
computation. General equational properties will then be derived for any equivalence rela-
tion satisfying specific compatibility conditions. These properties will then be essential for
the definition of our realizability semantics in the next chapters. Moreover, they will be used
for implementing a partial decision procedure for program equivalence.

3.1 EQUIVALENCE RELATION AND PROPERTIES

We will now consider a notion of observational equivalence over terms. More precisely, we will
say that two terms are equivalent if and only if they have the same computational behaviour
in every evaluation context. Using the formalism of our abstract machine, it is very easy
to quantify over every such context. Indeed, it only amounts to quantifying over every
stack. In this thesis, the considered observable behaviour is successful termination (versus
non-termination or runtime error). We will consider that a process terminates successfully
if it eventually reduces to a final process.

Definition 3.1.1. Let R C (AXTT)x(AXTT) be a relation such that for every final process
p € AXITI, there is no q € AXTT such that pR q. We say that a process p € AXTT converges
for the relation R, and we write p |}, if there is a final process q € AxIT such that pR*q. If
p does not converge we say that it diverges (for the relation R) and we write p 1.

Note that the previous definition is rather general, but we will only use it with relations
extending (>). Of course, such extensions should not allow final processes to be reduced.
Indeed, this would go against the intuition that they are the evidence of a successfully
terminated computation.
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The idea now is to relate terms that form converging processes against exactly the same
stacks. However, quantifying only over stacks leads to free variables being undistinguish-
able. To avoid this problem, we not only quantify over stacks, but also over substitutions. In
this way, our equivalence relation will work with both closed and open terms.

Definition 3.1.2. The relation (=.) C AxA is defined as follows.
(=) = {(t, u) [Vrell,Vpe8,tpxml & up *7‘CU>}
Lemma 3.1.3. (=.) is an equivalence relation.
Proof. Immediate. O

We will now show that our equivalence relation (=) is well-behaved with respect to
substitutions. First, we are going to check that arbitrary substitutions preserve equivalence.
This property is summarised in the following theorem.

Theorem 3.1.4. Let t,u € A be two terms and p € 8§ be a substitution. If we have t =, u
then tp =, up.

Proof. Let us take p, € 8§ and 7ty € TT and prove (tp)p, * 7o |, & (up)po * 7o |, which
can be rewritten as t(pyop) * 7o I & u(poop) * 7y .. We can thus conclude using the
definition of t =, u with the substitution pyop and the stack 7. O

Another essential property of our equivalence relation is extensionality. In other words,
it is possible to replace equals by equals at any place in terms without changing their
observed behaviour. This property is expressed in the following two theorems.

Theorem 3.1.5. Let v;, v, € A be values, t € A be a term and x € V, be a A-variable. If
vi =, v, then tlx = v;] =, tlx = v,

Proof. We are going to prove the contrapositive so we suppose t[x = v;] $> t[x :==v,] and
we show v; Z_v,. Let us first assume that neither v; nor v, is equal to o or to a A-variable.
By definition, we know that there is a stack 7t and a substitution p such that we have
(tlx:==wv])p*xm U, and (t[x:=v,])p * 7). (up to symmetry). As x is bound we can rename
it so that (t[x:=v])p = tplx =v;p] and (t[x :=v,])p = tplx :=v,pl. To finish the proof,
we need to find a stack 7, and a substitution p, such that v;py* 7§, and v,pq * 7o Ml
(up to symmetry). We can take 7, = [Ax.tp]t and p, = p since by definition we have
vip * [Ax.tplm >* tplx :=vipl x | and v,p * [Ax.tp]m >* tp[x = v,p] * 1. Note that
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here, it is essential that v;p and v,p are not equal to O or to some A-variable as otherwise
the first reduction steps could not be taken.

It remains to show that v; #_v, in the cases where v;, v, or both are equal to o
or a A-variable. First, we can assume that v; # v, as otherwise we would immediately
get a contradiction with t[x :=v;] #_t[x:=v,] by reflexivity of (=.). As a consequence,
we cannot have vi = v, = o or vi = v, = x € V.. Now, if v = 0 and v, ¢ V, then we
can distinguish them using the stack 7 = [{}]e. Indeed, we have o x [{}]le > oxe|_and
vy * [{Jle > {} ¥ v,. e since we cannot have v, = 0. In a symmetric way, we can also
distinguish v; and v, when v, = o0 and v; ¢ V.. Now, if we have vi = o and v, = x € V],
then we can tell them apart using the substitution p = [x :={}] and the stack @ = [{}]e.
Indeed, we have vipx 7t = ox[{}le > oxel_and vypx 7w = {} *x[{}]e > {} x [{}]e .. The
same goes if vi = x € V, and v, = 0. Now, if v; = x; € V, and v, = x, € V, then they can
be easily distinguished with Theorem 3.1.4 and a substitution replacing x; and x, with two
non-equivalent values. If we have vi = x € 'V, and v, is neither a variable nor o then we can
use the substitution p = [x := 0] and the stack @ = [{}]¢ to tell v; and v, apart. Indeed, in
this case we have vipxm = o*[{}J]e > oxel_and v,p* 7 = vyp * [{}Je > {} x vyp. e
A symmetric reasoning can be used in the case where v, is not O nor a variable and
v, =x € V. O

Lemma 3.1.6. Let p € AXTI be a process, a € V. be a term variable and t be a term such
that pla:=t]|},. Either there is a value v € A, such that p >* v x ¢ or there is a stack
7t € TT such that p >* a * 7.

Proof. There must be a blocked process q such that p >* q. If it were not the case p
would be non-terminating, and hence p[a :=t] would also be non-terminating according to
Lemma 2.6.44. This would hence contradict the hypothesis that pla:=t] |J.. Since p >* q we
obtain pla:=t] >* q[a := t] by Theorem 2.5.42 and hence q[a =] .. We can then proceed
by case analysis according to Lemma 2.6.46 as q is blocked. If q is not of the form v x ¢
nor of the form a x 7t then qla :=t] is a blocked process that is not final. Consequently, we
obtain a contradiction with q[a := t] U.. O

Theorem 3.1.7. Let u;, u, and t € A be three terms and a € V. be a term variable. If
U; =, u, then tla:=u4] =, tla:=u,.

Proof. Let us suppose u; =, u, and show t[a:=u,] =, tla:=u,]. We take a stack 7, a
substitution p and we show (tla:=wlJp* | _ & (tla:=u,l)p* 7| . As we are free to
rename a we may assume (t[a:=w])p = tpla:=u,pl, (tla:=u,l)p = tpla:=u,p] and
a ¢ FV(rr). Consequently our goal is now tpla:=wplx 7l & tpla:=u,pl* | . By
symmetry we can suppose that tp[a :=u,p] * 7t} and show tp[a = u,p] * 7t || . Let us now
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consider the reduction of the process tp * 7. According to Lemma 3.1.6 there are two
possibilities.

- If tpx 7 >* v x ¢ for some value v € A then (tp * )[a:=u,] >* (v*¢)la:=u,| by
Theorem 2.5.42. This rewrites to tpla:=u,] * 7 >* vla:=u,l * ¢ as a ¢ FV(7), and
hence we obtain tpla:=u,] *x 7 4.

- If tp *x 71 >* a x 7, for some stack 7ty € TT then (tp * 7)[a = u,] >* (a * 7y)[a =1,
and (tp * 7)[a:=u,] >* (a * y)[a = u,] by Theorem 2.5.42. We thus assume that
(a* 7mo)[a = uy] U, and show (a * 71y)[a = u,) U, we will build a sequence of stacks
(T[i)ign starting with 7, and such that (a * 7;)[a:=w] >* (a * 1) [a:=w,] for all
i < n. Note that the sequence has to be finite since otherwise there would be an
infinite sequence of reductions from (a * 7y)[a := w,]. To define 7t; ,; we consider the
process u; % 71;. We have (a * rp)[a = w,] >* (a * my)[a:=wy] = (uy*x my)[a:=wu,] by
transitivity and hence (u; * 7t;)[a =] |_. According to Lemma 3.1.6 there are two
possibilities for the reduction of w, * 7t;. Either u, % 7t; >* v x ¢ for some value v and
the sequence ends with n = 1, or u; * 7t; >* a x £ for some stack & and in this case we
take 7 ; = &.

To end the proof, we will now show (a * 7t;)[a = u,) U, foralli < m.Fori = 0 this
will give us (a * 7o)[a :=u,] | which is the expected result. For i = n we know that
w7, >* vxel , and hence u, % 7, || since u; =, u,. As a consequence, we obtain
that (a * m,)[a:=u,] = (u, * m,)[a:=u,] | by Lemma 2.6.44. Let us now suppose
that we have (a * 7;;)[a:=u,] = u, * m;[a:=u,l | _ for some i <n and show that
(a* m)[a:=u,] = u, * mila=u,l | . Since we know u; =, u, we can deduce that
uyx 7y q[a:=1u,] . Moreover, since 1 % 71y >* @ * 71;,; we may use Theorem 2.5.42 to
obtain u; * ila = uw,] = (u;* my)la=u,] >* (a*x m)[a=u, = u, * My la=u,.
As a consequence, we have u; * 7ila = u,| |, from which we obtain u, * 7;[a = u,] || _
since u; =, W,. O

3.2 COMPATIBLE EQUIVALENCE RELATIONS

The purpose of the theorems given in the previous section was to show that (=.) is a form
of congruence. This property will be essential to the construction of our realizability model
and semantics in the following chapter.

Definition 3.2.8. An equivalence relation (=) C AXA is said to be a congruence if it
satisfies the following conditions.

- Given t,u € A, if t = u then for all p € 8 we have tp = up.

- Given v;, v, € A, t € A and x € V, if v; = v, then tlx =v;] = tlx =,

- Given uy, uy,t € A and a € V., if u; = u, then tla:=w] = tla:=u,.

Theorem 3.2.9. The relation (=.) is a congruence.
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Proof. Combination of Theorem 3.1.4, Theorem 3.1.5 and Theorem 3.1.7.
O

The precise definition of our equivalence relation will not play a direct role in our
construction. In fact, we will be able to build several different models using several different
equivalence relations. To use such an equivalence, we will only have to make sure thatitis a
congruence and that it is compatible with (=) in some sense. Of course, this property will
hold for (=, ) itself, but we will eventually need to use a different, compatible equivalence
relation starting from Chapter 5.

Definition 3.2.10. An equivalence relation (=) C AXA is said to be compatible with (=.),
or (simply) compatible, if it satisfies the following conditions.
- For all terms t, u € A such that t = u we have t =, u (e, (=) C (=,)).
- Given t, u € A, if for every stack 7 € TT there is a process p € AXIT such that both
t*x7 >*pand uxm >* p, then t = u.
- Let t;, t, be arbitrary terms such that x € FV(t;) N FV(t,). If there is a closed term
u € A’ such that t[x:=v] * [ulmrt >* v* 7 and t,[x :=v] * [ulmr >* vk forall v € A,
and 7t € T, then t;[x := v;] = t,[x :=v,] implies v; = v, for all v;, v, € A,.

Note that the second and third conditions require the equivalence to include the (>)
reduction relation in some sense. Of course, this is only an intuition as the equivalence
relation ranges over terms while the reduction relation ranges over processes.

Remark 3.2.11. In the third condition of Definition 3.2.10, the role of the term u is to extract
(or project out) the value v from t;[x :=v] and t,[x := v], along the relation (>).

Theorem 3.2.12. The relation (=) is compatible.

Proof. The first condition is immediate. To prove the second condition let us suppose
that for all 7w € TT we have a p € AXTT such that t x m >* p and ux* 7 >* p. Let us take
my € T1, po € 8 and show that we have tp, * o | & upy * 7y J,. We now consider a
renaming substitution 0 mapping every variable of FV(7,) to a distinct fresh variable.
Note that ¢ has an inverse o' mapping o(x) to x for all x € dom(t). We thus obtain
tpo * 7y = (tpy * 7o0)0 ' = (t % me0)(pooo ') and upy* e = (W * 0)(pyoo ). Our
hypothesis then gives us a common reduct p, of t * 1,0 and u * 71y0. We can thus use
Lemma 2.5.42 to conclude, since it gives us tpy * 71y = (t * ﬂoc)(pooc’]] >* po(poocﬁ)
and upg * My = (wx* ﬂoU)(PoOGJ) >* Po(pooﬁql

Let us now prove the third condition. We take t;,t, € A and we suppose that we have
u € A’ such that t;[x:=v] % [ulmr >* v * 7 and t,[x = v] *x [ulmr >* vx 7 forall v € A, and
7t € TI. Let us take vy, v, € A, such that v; #_v, and show that t;[x := v] #_t,[x = v,]. By
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definition we know that there is 7ty € TTand p, € 8 such that vip, * 7o || and v,pq * 70 fl,
(up to symmetry). We need to find 7t; € TTand p; € 8 such that (t;[x :=w])p;* m; | and
(tabx:=v,l)p; * T . We consider a renaming substitution 0 mapping the free variable of
7, to distinct fresh variables, and we denote o' its inverse. We will now show that
7, = [ulmeo and p; = pyoo " are suitable. According to our main hypothesis, we have
ti[x = vl % 71 >* vy % 0 and ty[x = v,y] % 71 >* v, % 71,0, We can thus use Lemma 2.5.42 to
conclude with (t;[x = vil)po * ulmy = (t;[x = vl *x m)p; >* (v * mo0)py = Vipo ¥ o |,
and similarly (t;[x = v,l)pg * 715 >* V00 * T 1. O

From now on and until the end of the current chapter we will consider properties of
compatible equivalences in general. In particular, we will use the symbol (=) to denote an
arbitrary compatible equivalence. Moreover, we will always assume that (=) is a congru-
ence. Although this property is rarely required in this chapter, it will be absolutely necessary
for using an equivalence relation in the definition of our semantics.

3.3 EQUIVALENCES FROM REDUCTION

The main aim of a compatible equivalence relation (=) is to identify terms with the same
computational behaviour. In particular, taking reduction steps does not fundamentally
change the observable computational behaviour of a term. We can thus derive several
primitive equivalences using the second property of compatible equivalences (Definition
3.2.10), that is recalled below as a lemma.

Lemma 3.313. Let t, u € A be two terms. If for all stacks 7t € IT there is a process
p € AxIT such that t x 7t >* p and ux 7w >* p then t = u.

Proof. By definition of a compatible equivalence. O

Lemma 3.3.14. Let t, u € A be two terms. If we have t * 7w >* wx* 7 for every stack 7w € TT
then t = u.

Proof. Direct consequence of Lemma 3.3.13 using p = u* 7t. 0

Based on the reduction rules of our abstract machine, we can derive six immediate
equivalences. They correspond to record projection, case analysis, unfolding of the fixpoint
combinator, elimination of special terms of the form R, ,, and the erasure of a projection
or a case analysis by the special value 0. The corresponding reduction rules do not involve
an interaction with the stack. In particular, they do not “observe” the stack and they leave
it unchanged.
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Theorem 3.3.15. Let I C. N be a finite set of indices such that v; € A, x; € V, and
tye Aforalliel Let v e A beavalue, x €V, be a A-variable and t, u € A be terms.
The following equivalences hold.

{(ti=vi), b= v if kel Yiv =t (A, ) v
[CVIT(Cilxid = 1), ) = tillxe=v] if kel Ri=v) ju = 0
ol=0o Ol (Clxil—t), J=o

iel

Proof. For every equivalence t; = t, that we need to prove, the definition of (>) gives us
ty* 7t >ty % 7t for all 7w € TI. As a consequence, we can use Lemma 3.3.14. O

To go a little bit further, we can look at the first three rules of (>), which are used
to handle B-reduction (see Definition 2.5.40). In particular, these rules can be composed
immediately when a A-abstraction is applied to a value. This corresponds exactly to a call-
by-value (3-reduction step. Similar reasoning can be used to obtain two other equivalences
involving the special value O.

Theorem 3.3.16. Forevery x € V,t € A and v € A such that v # o and v ¢ 'V, we have
(Ax.t) v = tx:=v].

Proof. For all w € TT we have (Ax.t) v * 7 > v % [Ax.tlm > Ax.t * v. 7T > t[x = V] * 71, we
can thus conclude using Lemma 3.3.14. Note that the second reduction step can only be
taken because v is not equal to O or to a A-variable. O

Theorem 3.3.17. The equivalence o v = o holds for every value v € A that is not a
A-variable. Similarly, the equivalence t o0 = o holds for every term t € A.

Proof. If v # O then for all m € TT we have o v* 7w > v* [O]m > ox v. 7 > O % 7 since
v is not a A-variable. If v = 0O then for all T € TT we have oo * 7w > o x [0l > ox 7. In
both cases Lemma3.3.14 givesusov = O. Forallm € [Twehave t oxm > ox [tlm > ox
and thus we can also use Lemma 3.3.14 to obtain t O = oO. O

The reduction rule for processes of the form po.t * 7t is inherently non-local. Indeed,
the bound p-variable can be substituted anywhere in t and any reduction rule may apply
afterwards (depending on the form of t and 7). However, we can still derive equivalences
corresponding to the usual reduction rules of the Au-calculus [Parigot 1992]. In particular,
we can obtain two equivalences corresponding to call-by-value structural reductions.

Theorem 3.3.18. For every t, u € A and «, B € V, such that 3 ¢ FV(t) and ¢ FV(u)
we have t (pou) = pp.t ulo = [t] ).
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Proof. Since for every stack 71 we have t (po.u) * 71 > pocw * [t]mr > ufoc := [t]7] * [t]7T
and pf.t ufec:=[t]B] * T > t u[o == [t]7t] * T > ufoc := [t]7] * [t]T we can conclude using
Lemma 3.3.13. OJ

Theorem 3.3.19. For every t € A, &, B € V, and v € A, such that ¢ FV(t) UFV(v) and
v ¢ V.U {o} we have (pa.t) v = up.tlx=v.p] v

Proof. Since we have (po.t) v * 7w > v x [uoet]m > po.t ¥ v. 7w > tla:=v. 7 * v. 7 and
up.tlac=v.plvkm >tlax:=v.mvxm > v [tla:=v.nln > tla:=v.7m xv.7 for all
stack 71, we can conclude using Lemma 3.3.13. O

Similarly, the following theorem provides an equivalence corresponding to renaming. Note
that our version of renaming is more general than the one found in [Parigot 1992] as our
formalism includes stacks. Indeed, only p-variables can be used in named terms in the
original version of the Ap-calculus.

Theorem 3.3.20. For every & €11, 3 € V, and t € A we have [E]up.t = [EJt[B:=E).

Proof. As [E]up.t*x 7t > up.tx& > tB:=&] % & and [EIt[B:=&] x T > t[B:=&] x & we can
conclude using Lemma 3.3.13. O

As a named term has the effect of erasing the whole stack, terms that are applied (as
functions) to a named term can always be removed. Similarly, values used as arguments of
a named term can be removed as they will never be considered. The following two theorems
will hence allow us to discard unnecessary subterms as early as possible, when attempting to
prove an equivalence.

Theorem 3.3.21. Foreveryt € A, & € TTand v € A such that v ¢ V, U {o} the equivalence
([E]t) v = [E]t holds.

Proof. Since for every stack 7t we have ([E]t) v 7t > v x [[E]tl > [E]lt xv.mt > t x & and
[E]t ¥ T >t * & we can conclude using Lemma 3.3.13. O

Theorem 3.3.22. For every t, u € A and & € TT we have t ([E]u) = [E]u.

Proof. Since we have t ([EJu)x 7t > [Elux [tlmr > ux & and [Elux 7 > ux§ for every
stack 71, we can conclude using Lemma 3.3.13. O

We can also remark that using two consecutive p-abstractions leads to saving the
same stack twice. We can thus obtain the same computational behaviour by saving the
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stack only once. Similarly, using two named terms in a row is the same as using only the
later one.

Theorem 3.3.23. For every «, 3 € V, and t € A we have po.pf.t = up.tla == pl.

Proof. We have poe.puf3.t * 7t > pf.tloe := 7 * 7w > (t[ex := 7)) [B := 7] * 7t and we also have
wp.tloc == Bl *x 7t > (tloe == B])[P := 7] * 7. To be able to conclude using Lemma 3.3.13 we
need to show that (t[« = 7i])[B := 1] = (tla := B])[R := 7]. This is immediate as we may
assume « ¢ FV, () and B ¢ FV,(7) up to renaming. O

Theorem 3.3.24. For every &;, &, € TT and t € A we have [&][E,]t = [E,]t.

Proof. As we have [§;][E ]t x 7T > [E)Jt % & >t x &, and [E ]t x 71 > t x &, for all T we can
use Lemma 3.3.13. OJ

Finally, we provide two last equivalences allowing the simplification of terms involving
w-abstractions. For instance, if the variable bound by a p-abstraction does not occur in its
body, then it can be removed. Similarly, it is not useful to restore a stack right after it has
been saved.

Theorem 3.3.25. For every o« € V), and t € A such that « ¢ FV,(t) we have po.t = t.
Proof. As we have poa.t * 71 > tloe:= 7] x T = t * 7T we can use Lemma 3.3.14. O
Theorem 3.3.26. For every o« € V, and t € A we have po.[a]t = po.t.

Proof. As po.[ot * 7t > [mtloc = 7] x T = tloe:i= 7] x 7 and poet x 7>t =7t * 7 for
all T we can use Lemma 3.3.13. O

Note that we can compose the previous two theorems to obtain pa.[at = t in the case
where « ¢ FV,(t). This can be seen as a form of n-equivalence for p-abstraction, as
remarked by Michel Parigot in [Parigot 1992].

3.4 INEQUIVALENCES FROM COUNTER-EXAMPLES

Using the theorems of the previous section, it is possible to derive equivalences in a
direct way. However, we will sometimes need to reason in an indirect way by exhibiting a
contradiction. We will hence provide several means of identifying inequivalences. The idea
here is to rely on the first property of compatible equivalences (Definition 3.2.10), which is
recalled in the following lemma.
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Lemma 3.4.27. For all terms t, u € A such that t = u we have t =, u. This exactly
means that we have (=) C (=,).

Proof. By definition of a compatible equivalence. O

We will now state two lemmas that will be convenient for proving inequivalences using
the definition of (>). The former will in fact be exactly equivalent to Lemma 3.4.27 (through
its contrapositive), and the latter will directly follow.

Definition 3.4.28. Given t and u € A, the negations of t =, u and t = u are respectively
denoted t # u and t # u.

Lemma 3.4.29. Let t, u € A be two terms. If there is a stack 7t € TT and a substitution
p € 8 such that tp* | p and up * f p then t # u.

Proof. By definition of (=,) we have t # u. We can thus conclude that t # u using
(the contrapositive of) Lemma 3.4.27. O

Lemma 3.4.30. Let t, u € A be two terms. If there is a stack 7t € TT such that we have
tx7| and ux () thent # u.

Proof. Immediate consequence of Lemma 3.4.29 using 7 and p = pyq. 0

We will now start by showing that records with different fields cannot be equivalent.
Similarly, we will show that variants with different constructors are never equivalent. In
both cases, it is not difficult to find a stack distinguishing the two values.

Theorem 3.4.31. Let m,n € N be two natural numbers and v, w € A be two values. If we
have m # n then C,[v] # C,[w].

Proof. We can apply Lemma 3.4.30 with 71 = [Ay.[y|C,,[z] — {}]]e. Indeed, C, V] * 7| _
since C,[v] x © > Ay.ly| C [zl = {J] x Cuvl. e > [CV]| Cpulz] — {J] * € > {} x €. Moreover,
we have C,[w] * tfl_as C, v % 7t > Ay.[y | C,plz] — {}] * Cw] . & > [C, /W] | Cylz] — {J *x €
and [C,[w]|C,,[z] = {}] * € is stuck since m # n. O

Theorem 3.4.32. Let I;, I, be two sets of indices such that for all 1 € I; we have v; € A,
and for all 1 € I, we have w; € AL If I; #£ [, then {(1;= vi)id]} Z{(li=wy). . L

i€l

Proof. Since I; # I, there must be k such that k € I; and k ¢ I, (up to symmetry). We can
hence apply Lemma 3.4.30 with the stack © = [Ax.x.1,Je. Indeed, {(1; = vi)iell} * 7| since
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{,= vi)iel} * 7 > Axx 0k {(l; = ) } e >{(l4 l) }lk* € > Vi * €. Moreover, we
have {(1;= Wi)ielz} * 70 > Aok (L )161} {(l =wi), }lk* g,and as k ¢ [,
we know that {(1;= Wi)ielz}'lk* € is stuck O

Similarly, we can show that a record and a variant can never be equivalent. Indeed,
pattern-matching on a record will lead to a stuck state.

Theorem 3.4.33. Let m € N be a natural number, v € A, be a value and I be a finite set
of indices such that v; € A for all i € I. We have C,[v] # {(l;=vy), )

Proof. We can apply Lemma 3.4.30 using the stack m = [Ay.[y|C,.[z] — {}]]e. Indeed, we
have C,,[v] x 7t |} like in the proof of Theorem 3.4.31. Moreover, {(1; = v;), _/} * t1l_ since
{(Li=wv), x> M.y | Coulzl = (U x{(Li= Vi), e > {(Li=vy), _} Ciulzl = {} x e and
the process [{(1; = Vi)iaH Culzl = {}] x € is stuck. O
Theorem 3.4.34. Let m € N be a natural number, v € A be a value, x € 'V, be a A-variable
and t € A be a term. We have C,,[v] # Ax.t.

Proof. As for Theorem 3.4.33 we can apply Lemma 3.4.30 using 7 = [Ay.[y | C, [zl — {Jlle
Indeed, Ax.t x o, since M.t x> Ay.ly | Clz]l = z] x Ax.t. e > [Ax.t|C [zl — z] ¥ € and
the process [Ax.t| C,,[z] — z] * € is stuck O

We will now show that a record {(1;=v;), _;} cannot be equivalent to a A-abstraction
Ax.t. The most natural approach consists in using record projection to obtain a stuck state
on the A-abstraction. In other words, we can use a stack of the form [Ay.y.l,Je provided
that k € I. However, this technique does not work with the empty record {} (i.e., when
[ = @). In this case, a possible solution is to use a stack of the form v.7t where v is a
value such that tfx =v]x = U, (obviously, {(1; = Vi)iel} *v. 7 is stuck). However, there is
no guarantee that such a value v exists. If there is none, then it seem to be impossible to
distinguish {} from Ax.t without relying on a specific term constructor like R, . Terms of
this form were added to the calculus for this very purpose.

Theorem 3.4.35. Let x € 'V, be a A-variable, t € A be a term and I C. N be a finite set of

indices such that v; € A for all i € 1. We have Ax.t £ {(1;= Vi)iel}'

Proof. We can use Lemma 3.4.30 with 7t = [Ay.R gle. Indeed, we have {(1; = v;), }* us|n
as {(Li=wvy), J* > AyRy gk {(Li=vy), _}.e > Rift=v) 1 * € >{}xe and ?\xt*nﬂ as
Ax.tx 7> AY.Ry gk Ax.t.e > Ry xe and Rae % € is stuck. O
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To conclude this section, we consider two more ways of deriving an inequivalence
when working with records and variants. Provided that two values stored in a given record
field or in a constructor are not equivalent, it is possible to derive that the two records
or the two variants are not equivalent. We will here need to rely on the third property of
compatible equivalences (Definition 3.2.10), that is recalled below as a lemma.

Lemma 3.4.36. Let t;, t, be two arbitrary terms with x € FV(t;) N FV(t,). If there is a
closed term u € A’ such that t,[x :=v] % [uJm >* v * 7 and t,[x := V] * [u]mr >* v x 7 for all
v € A, and 7 € T, then t;[x == v;] = t,[x = v,] implies v; = v, for all v;, v, € A..

Proof. By definition of a compatible equivalence. O

Theorem 3.4.37. Let m € N be a natural number and v;, v, € A, be two values. If v; # v,
then C,,[vq] £ C,.[v,l.

Proof. Let us take u = Ay.ly|C[z] »zland t; =t, = C[x]. Forallve A and m e TT
we have C, [v] * [ulmt > ux Cv]. 7t > [C,[V]| Cplz] — 2]l % T > v % 7. As a consequence
we can apply Lemma 3.4.36 with v; and v, to obtain that C,,[v;] = C,,[v,] implies v; = v,.
We can thus conclude as this is the contrapositive of what we want to show. O

Theorem 3.4.38. Let I be a finite set of indices such that for all i € [ we have v;, w; € A If
there is k € I such that v, # w, then {(1;= Vi)iel} z{(l,= Wi)iel}'

Proof. We will show the contrapositive, so we suppose {(l;=v;),_/} = {(li=w;), . We
then take k € I and prove that vi = w,. Let us define the term t; to be the record
{(\,= Vi)iel} in which the value v, has been replaced by the variable x. Similarly, we define
t, to be the record {(1; = wy), _} in which the value wy has been replaced by x. We can then
conclude with Lemma 3.4.36 using t;, t, and u = Ay.y.l,. O

3.5 CANONICAL VALUES

The idea now is to characterise the equivalence classes of the different forms of values. The
results presented here will be required in Chapter 4 to show that the semantics of our types
is well-formed in some sense. We will first start by showing that o is only equivalent to
itself among all values. Similarly, it is possible to show that A-variables are only equivalent
to themselves.

Theorem 3.5.39. Let v € A, be a value. We have o = v if and only if v = o.
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Proof. If v = o then we immediately have o = v by reflexivity. It remains to show that
O # v for every value v # O. In the case where v ¢ 'V, we can use Lemma 3.4.30 with the
stack [{}]e as we have o [{}Je > oxel_and v« [{}Je > {} ¥ v.eN. If v =x €V, then we
can use Lemma 3.4.29 with p = [x := {}] and 7t = [{}]e since vp x 7t = {} x [{}Jle > {} x {}. e
and o * [{}Je > o*ell_as above. O

Theorem 3.5.40. Let x € 'V, be a A-variable and v € A be a value. The equivalence x = v
holds if and only if v = x.

Proof. If v = x then we have v = x by reflexivity. It remains to show that x # v for
every value v # x. In the case where v = 0 we can conclude immediately using Theorem
3.5.39. If v = y € V, then we can use Lemma 3.4.29 with p = [x :={}][y := 0] and 7 = [{}]e.
Indeed, we have xp * T = {} x [{}]e > {} * {}.el_and vp * m = o * [{}Je > o*e| . Finally,
if v# oandv ¢ V, then we can use Lemma 3.4.29 with p = [x:= 0] and 7 = [{}]¢. Indeed,
xpxm=0ox*[{}]e >o*xel and vp*x7m = vpx[{}le > {}*x[vple . O

We will now characterise the values that are equivalent to a given variant, and those
that are equivalent to a given record. In both cases, the equivalent values have the same
structure and equivalent subvalues.

Theorem 3.5.41. Let m € N be a natural number and v, w, € A be values. The equivalence
Cnlvl = wy holds if and only if wy = C,,[w] for some w € A, such that w = v.

Proof. Let us first assume w, = C [w] for some w € A such that w = v. Provided that
(=) is a congruence, we can use its extensionality property with the term t = C,[x] to
obtain C,,[v] = w, = C,,[w].

Let us now suppose that C [v] = w, and show that w, is of the form C,,[w] for some
w € A, such that w = v. We reason by case on the possible forms of the value wy. Using
Theorems 3.5.40, 3.5.39, 3.4.34, 3.4.33 and 3.4.31 we obtain w, = C,,[w] for some w € A..
Now, if w # v then we immediatly obtain that C,,[v] # C,,[w] using Theorem 3.4.37. As a
consequence, it must be that v = w. O

Theorem 3.5.42. Let I be a finite set of indices such that v; € A, for all 1 € I, and
let w € A, be a value. The equivalence {(1;= Vi)iel} = w holds if and only if we have
w = {(l;=wy), _,} for some values w; € A such that w; = v; forall i € L.

Proof. Let us first assume that w = {(l;=w;),_} with vi = w; for all i € I and show
{(ty=wvy), .} = {(li=wy), . Up to renaming, we may assume I = fieN|T<i<n}
with n = [I]. For all 0 < k < n we define Ry = {(l;=1y),_} where r; = w; if i <k and
T; = v; otherwise. We have Ry = {(l;=v;), _} and R, = {(l; =w), _,}, so we need to show
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that Ry = R,,. We are going to prove that Ry = R, for all 0 < k < n by induction on k.
When k = 0 this is immediate by reflexivity. Let us now suppose that Ry, = R, for some
0 <k <n and show that Ry = R ;. By transitivity, it is enough to show Ry = Ry
which follows from the extensionality of (=) since we assumed v, = wy (and (=) is
a congruence).

Let us now suppose {(l;=v;), |} = w and show that w is of the form {(1;= wi), o}
with w; = v; for all 1 € 1. Using Theorems 3.5.40, 3.5.39, 3.4.35, 3.4.33 and 3.4.32 we obtain
w = {(li=wy),_} with w; € A for all i € I. Now, if v # w, for some k € I then we
immediately get {(1;= Vi)iel} £ {(l,= Wi)iel} using Theorem 3.4.38. As a consequence, it
must be that vi, = w, for all k € L. O

To conclude this chapter, we provide a last theorem establishing that A-abstractions
can only be equivalent to A-abstractions.

Theorem 3.5.43. Let x € 'V be a A-variable,t € A be a term and v € A be a value. If the
equivalence Ax.t = v holds, then there must be y € V, and u € A such that v = Ay.u.

Proof. We reason by case on the possible forms of v. Using Theorems 3.5.40, 3.5.39, 3.4.35

and 3.4.34 we obtain that v cannot be O, a A-variable, a record nor a variant. The only
remaining possibility is that v = Ay.u for some y € V, and u € A. O
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4 TYPES AND REALIZABILITY
SEMANTICS

In this chapter, we present a new type system whose distinguishing feature is an embedded
notion of program equivalence. It enables the specification of equational properties over
programs, which can then be proved using equational reasoning. Our types are interpreted
using standard classical realizability techniques, which allows for a semantical justification
of our typing rules.

4.1 OBSERVATIONAL EQUIVALENCE TYPE

One of the main goals of this thesis is to build a type system that can be used to reason
about programs. To achieve this goal, we need to be able to specify program behaviours
using types. We hence introduce equality types of the form t = u, where t and u are
(possibly untyped) terms. Note that here, the equivalence symbol is part of the syntax
and does not refer to a specific equivalence relation. An equivalence relation (=) will
however be used for the semantical interpretation of equality types. We will require that it
is a congruence (Definition 3.2.8) and compatible with (=.) (Definition 3.2.10), but it will
remain otherwise unspecified. In other words, it will be considered as a parameter of our
type system and semantics.

Intuitively, an equality type t = u will be interpreted as T (i.e., logical truth or the
biggest type) if the equivalence t = u holds, and as | (i.e., logical absurdity or the smallest
type) otherwise. For example, the type (Ax.x) Ax.x = Ax.x will be equivalent to T as we
have (Ax.x) Ax.x = Ax.x according to Theorem 3.3.16. However, the type Ax.x = {} will
be equivalent to L as Ax.x # {} according to Theorem 3.4.35. Of course, a compatible
equivalence relation is likely to be undecidable. Indeed, such equivalence relations are
similar to (=.), which is itself undecidable.

Theorem 4.1.1. Given t, u € A it is undecidable whether t =, uw or t £ u.
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Proof. We are going to encode the halting problem H, using equivalence. Given a closed
term t € A, H, can be stated as t*e|}_ in our system. Let us consider a closed term
Q € A such that Q x 7l for all 7w € TI. For example, we can take Q = (Ax.x x) Ax.x x
as Q % 7 is non-terminating for all 7t € TT since Q * 7 >3 Q * 71. We will now show that
Hy is equivalent to [e]t # (). Let us suppose H; and show [e]t #_ (). We need to find a
stack 7t € TT such that [e]t *x t{l_and Q* 7t{. This is in fact true for all 7t as Q * Q)
by hypothesis and [e]t * 7t > t x ¢ |_since we supposed H,. We now suppose [e]t #_Q and
show H,. By definition, there must be a stack 7, € TT such that [e]t * 7t U, since Qx 7t
for all 7t € TT. Since [e]t * 71y > t * £, we immediately obtain H,. 0

As a consequence, we cannot hope to decide, in general, whether an equivalence holds or
not. We will hence need to rely on a partial decision procedure that will only approximate
our observational equivalence relation.

In the system, proving a program equivalence amounts to showing that the correspond-
ing equality type is inhabited. However, an equivalence type may also be used as an assump-
tion. For example, it is possible to define a function whose input type is an equivalence. As
a consequence, we need a form of context to store the set of program equivalences that are
assumed to be true during a proof. This context will also be extended automatically during
the construction of a proof (e.g., when entering branches of a case analysis).

Definition 4.1.2. An equational context = C P(AXA) is a finite set of pairs of terms
denoting hypothetical equivalences. For convenience, equational contexts we will repre-
sented using lists generated using the following BNF grammar.

ZTa=0¢|zZ,t=u t,ueA

During the construction of a proof, the equational context grows with new hypotheses
and equivalences need to be proved eventually. As mentioned previously, we rely on a partial
decision procedure that is supposed correct, but remains otherwise unspecified. Such a
decision procedure has been successfully implemented to work with our prototype language
(http://lepigre.fr/these/). Although we cannot hope for completeness, we will argue that it
is a good enough approximation of our equivalent relation in practice.

Definition 4.1.3. Given an equational context = and a substitution p, we say that p realizes
= and we write p I = if for every (t, u) € = we have tp = up.

Definition 4.1.4. Let = be an equational context and t € A and u € A be two terms. We

write = -t = u if our (yet unspecified) decision procedure is able to show that for every
substitution p such that p I = we have tp = up.
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4.2, QUANTIFICATION AND MEMBERSHIP TYPE

Although equality types can be used to derive simple equational properties, their use is
rather limited without a form of quantification. Indeed, they only allow the derivation
of static equivalences like (Ax.x) {} = {}, but they cannot be used to show more general
properties like “(Ax.x) v = v for every value v”. Terms can contain free variables of several
sorts: A-variables (i.e., value variables), term variables and p-variables (i.e., stack variables).
As open terms may appear in types, and in particular in equality types, it is natural to allow
universal and existential quantification over all three sorts of variables. This will enable the
specification of properties such as Vy.(Ax.x) y =y or ¥x.Vy.x =y = C[x] = Cily] inside
the system.

Remark 4.2.5. The forms of quantification described here range over all closed values,
terms or stacks regardless of their types.

Remark 4.2.6. It is not clear whether quantification over stacks has a practical use. We
only include it as it fits well in the framework at no extra cost.

Quantifying over all the closed values or terms is not always enough. Indeed, we often
need to quantify over the values or the terms of a given type only. For example if we
quantify over a A-variable that is used in a case analysis, then a runtime error will be
produced for values that do not correspond to matched constructors. This would not
happen when quantifying over value of the appropriate sum type only.

To achieve typed quantification we introduce a membership type constructor t€A
where t is a term and A is a type. The elements of t€A are those of A that are equivalent
to t. In particular, teA is empty if t does not have type A. Intuitively, t€A can be
read as the proposition “t has type A”, but we will see later that a more appropriate
interpretation would be “t realizes A”. Using membership, we can use the well-known
relativised quantification scheme to obtain a dependent function type.

MMecaAB == Vx.(x€EA = B)
The dependent function type exactly correspond to typed quantification as its elements
can only be applied to values of type A. Other values are simply filtered out. Note that

we can define a dependent pair type using existential quantification as follows.

Z,eaB = Ixfl;:x€A; 1, B}

59



We can also define the same kind of type constructors by quantifying over term variables in
the exact same way.

MyeaB = Va.(a€A = B) YeeaB = 3Jafly:a€A; L, B}

Remark 4.2.7. Note that these encodings only make sense (i.e., correspond to dependent
types) if the variable that is quantified over does not appear in A.

4.3 SORTS AND HIGHER-ORDER TYPES

Our type system allows universal and existential quantification over several sorts of objects.
There are first-order quantifiers ranging over values, terms and stacks, as shown in the
previous section. And the system also provides second order quantification (i.e., quantifi-
cation over types), which corresponds to System F polymorphism and type abstraction.
All of these different forms of quantifiers are handled uniformly in the syntax and in the
semantics thanks to a higher-order formulation.

The higher-order features of the system allow us to define (and quantify over) types
with parameters of any sort. For example, we can define a type parametrised by another
type and a term. This leads to a system in which it is syntactically correct to use a (not
fully applied) parametric type, or even a term, as a proposition. This does not make sense,
and hence we must make sure that this does not happen. The usual approach to tackle this
problem is to assign a form of type (called sort) to the types themselves. This will give use
the guarantee that our types are “well-formed”.

Definition 4.3.8. We denote 8, = {o, t, T, 0} our set of atomic sorts. It contains the
sort of propositions o, the sort of values t, the sort of terms T and the sort of stacks o.

Definition 4.3.9. The set of all sorts 8 is generated from the set of atomic sorts S, using the
following BNF grammar.

S, Ti=K|s > K € 8

The language of sorts only contains constants and an arrow constructor for functions.
Our “sort system” will in fact be very similar to the simply typed A-calculus. In particular,
the syntax of our types will contain a constructor for building functions (i.e., A-abstraction)

and a corresponding constructor for application.

Definition 4.3.10. We require a countable set V, = {X,Y, Z...} of propositional variables
that does not intersect with V,V, and V.
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Definition 4.3.11. We require a countable set of variables V = {x, &, ¢...} containing the
sets V,V,, V), and V). Given a variable x € V, we will sometimes write X* to mean that x is
to be considered as a variable of sort s.

Definition 4.3.12. The set of types (or formulas) F is built from V, A, A and TT using the
following BNF grammar.

(F) ABz=vtlmlx (X —A) | AB)|A=BlteA | ATt=ul{(L:A),)
[(Cz A ) | VXA | A

Our syntax contain values, terms and stacks, as they will correspond to types of sort t, T
and o. We then have variables of all sorts, abstraction to build types with an arrow sort
and application. All the remaining constructors are used to build propositions (i.e., actual
formulas) which will be given sort o. Note that the quantifiers may range over types of
any sort. They are hence very general.

Remark 4.3.13. The BNF grammar of Definition 4.3.12 is ambiguous. For example, values
are given twice as they are contained in terms. Some variables of 'V are also given more
than once as V,,V, and V), are contained in values, terms and stacks respectively.

To track the sort of variables in types we need to introduce a form of context. It can
then be used to define our notion of well-formed type using a deduction rule system. We
will then only consider types that can be shown well-formed in this system.

Definition 4.3.14. A sorting context is a finite map L over 'V such that for all x € dom(XZ) we
have Z(x) € 8. For convenience, we will represent sorting contexts using comma-separated
lists of sort assignments generated by the following BNF grammar.

Ti=@|Z,x:s XeEV,seS

Definition 4.3.15. A sorting judgment is a triple of a sorting context %, a type A and a sort s
denoted L - A :s. We say that the sorting judgment X~ F A : s is valid if and only if it
can be derived using the deduction rules of Figure 4.1.

The main role of the sorting rules is to keep track of the sort of the free variables. The
rules on the first five lines of Figure 4.1 simply traverse the structure of values, terms and
stacks to save the sort of the free variables in the context. Note that the first rule on the
sixth line is also used for value, term and stack variables.
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L,x:1tkHt:iT LEvit {ZFVUL}ieI

TEAT:L LECh:t LHE{Li=vy), e
Ev:it Ht:T XZhu:T
Eo:t kvt HEtu:T
Y,x:okt:T YhFm:o XEt:T kvt
hpt:T ThH[At: T kFvl:T

TEv:ie {Z,x;:ivbtT)

iel

HEt:Tt ZhEv:it

LEDMI(Cx]—=t) T LEY, T
YFv:iLe XFt:x YFEv:irt ZbFEw:u

LER, T L&t Yke:o
vt LbFm:o YHt:t Xbm:o

hkv.m:o LHtln:o Y,x:skx:s
Y,x:sHFA:r FA:s—>1r XFB:s YFA:0 XZFEB:o
LA s =T ZFHA(B):r SFA=B:o
{Zl_Aizo}iGI {Zl_Ai:O}iEI Z)stl—A:o
LHE{(L:A) o LEC:AY ) 0 L-v.A:o0

Y, x:sFA:o0 YFA:0 XFHt:t XhFu:cx YHt:t XFA:o
L-3IA:o0 FATt=u:o YHteA:o

Figure 4.1 — Sorting rules.

As an example Ax.x = {} is not well-formed as the type at the left of the arrow does
not have sort o (it has sort v or ). However, (X — [Cy: {}| Ci: XD([C,: {}|C5:{}]) is a
well-formed type of sort o, as shown by the following proof tree.

X:oF{l:0 X:0FX:o
X:oFI[Cy:{}IC:X]:0 F}:0 KF{}:o0
FX=[Co:{HG:X):0o o0 H(CG:{}G:{}l):0
FX = [Co: G XDUC: 3G {]D) : o
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As types contain the A-calculus, we need to consider their reduction and normalisation.
First we define the notion of f-reduction in a type.

Definition 4.3.16. We call a redex a type of the form (x°— A)(B), and we say that a type
is in normal form if it does not contain any redex. The reduction relation over types is the
smallest relation (=) C FxJ such that:

- for every redex (x°+— A)(B) we have (x*— A)(B) < Alx:=B] and

- (<) is contextually closed (i.e., reduction considers all the redexes in a type).
We denote (—*) its reflexive and transitive closure.

Remark 4.3.17. The (<) relation should not be confused with the call-by-value reduction
relation of our abstract machine. In particular, it cannot be used to evaluate terms.

Theorem 4.3.18. Let X be a sorting context, A € F be a type and s € § be a sort. If the
sorting judgment £ A : s is valid, then there is a unique type B € F such that B is in
normal form, A —* B and the sorting judgment £ - B : s is valid.

Proof. Our language of types can be seen as an instance of the simply typed A-calculus
extended with countably many constants. For instance, a type of the form Vx’.A can
be encoded using a constant V, of sort (s — 0) — o. Note that an infinite number of
constants is required to encode product types, sum types, records and pattern-matchings
as they can be indexed by any finite subset of N. As a consequence, the theorem follows
from well-known properties of the simply typed A-calculus with the subtyping relation
induced by the axiom 1 < T on base types (see, e.g., [Mitchell 1996]). O

In the following sections, we will always consider well-formed types. As a consequence, we
may also assume that a type is in normal form as we can always normalise well-formed
types according to the previous theorem.

4.4 TYPING JUDGMENTS FOR VALUES AND TERMS

As our language is call-by-value and has operations generating side-effects, we need to be
careful to achieve type-safety. In particular, some of our typing rules will not apply to terms,
but only to values (as mentioned in Chapter 1). Here, value restriction will be encoded using
two forms of judgments: usual typing judgments ranging over terms (including values), and
a restricted form of judgments ranging over values only.

To be able to assign types to terms containing free variables we will need our typing
judgments to carry a form of context. It will provide us with a way of assuming a type for
each of the free variables of the typed term. They will include A-variable and p-variable but
no term variables.
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}

iel

LT 2R v UCrAY J [E, %0 [ Tixit Ay 2, v = Gkl ¢y Bl
LT 2 (Gl =ty J:B

iel

LITx=w]; Zkavix=wil:Alx=wy] ZFw =w,
| Tx = wyl; Z Ky vix =wyl @ Alx = wy)

L Tlx=w]; 2 Ftlx=w]:Alx=w)] ZFw, =w,
| TIx = wyl; = Ftlxi=w,l s Alxi=w,l

=wliAla=w] ZhFu =u,
K via=1u,] : Ala = u,) '

L Ta=wl;Etla=wl:Ala:=u] ZkFuy=u,
L | Tla=u,]; = Ftla:=u,] : Ala:=u,] :

s

Figure 4.2 — Typing rules.
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Definition 4.4.19. A typing context is a finite map I over V,U V), such that I'(x) € F for
all x € dom(T') NV, and M) € F for all « € dom(I') N V),. For convenience, we will
represent typing contexts using comma-separated lists of type assignments generated by
the following BNF grammar. Note that variables can only be mapped once in a context, the
order in which they appear is thus irrelevant.

Fe=@|Nx:A|T, «:A" xeV,aeV,AcTF

The full context of typing judgments will be built using a typing context and an
equational context. As these contexts may contain types and hence free variables, we need
to define a notion of well-formedness for these two forms of contexts.

Definition 4.4.20. Given a sorting context X, we say that a typing context I is well-formed
and write £ I T if for all x € dom(T") NV, we have Z - I'(x) : 0 and £ - x : , and for all
« € dom(I') NV, we have Z FT(«) : 0 and Z -« : ©.

Definition 4.4.21. Given a sorting context X, we say that an equational context = is
well-formed and write £ + Z if for all (t,u) € X we have ZHt:Tand Z Fu: T

Using our three forms of contexts, we can now define our actual judgments. Again,
a notion of well-formedness need to be considered as our judgments contain objects of
different sorts, which all need to be well-formed.

Definition 4.4.22. A value judgement is a tuple of a typing context I, an equational context
=, avalue v e A, and a type A € F that is denoted T'; = k,; v : A. We say that such a
judgment is well-formed under the sorting context L, and we write Z | T'; = kg, v 1 A, if
andonlyif we have LT ZFHZ ZhHv:tand Z - A: o,

Definition 4.4.23. A term judgement is a tuple of a typing context [; an equational context
Z,aterm t € A and a type A € F that is denoted I'; = -t : A. We say that such a
judgment is well-formed under the sorting context &, and we write X | I'; Z Ft: A, if and
onlyifwehave LT ELHZ ZHt:tand X HA:o.

We can now give the typing rules of our system, which will involve both value and term
judgments. Moreover, rules having a premise of the form = -t = u can only be applied if
our (yet unspecified) equivalence decision procedure is able to show that t is equivalent to u
in the equational context = (see the first section of this chapter).

Definition 4.4.24. A value or term judgment is said to be valid if it can be derived using the
typing rules of Figure 4.2.
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The typing rules of our system, and hence our typing derivations, only involve well-formed
judgments. In particular, a typing rule can only be applied if all the involved judgments
are well-formed.

Remark 4.4.25. Note that the ¥, rule cannot apply if x appears in the contexts I and = or
in t. This would prevent the conclusion judgment to be well-formed.

As our system is call-by-value and has effects, the V; rule needs value restriction to
remain sound. In our formalism, this means that the V, rule only applies to value judgments.
The €; rule requires value restriction as well, as otherwise the system cannot be proved
sound. As the €; rule will be involved in the derivation of the typing rule for the elimination
of the dependent function type at the beginning of Chapter 5, the latter will also need value
restriction.

4.5 CALL-BY-VALUE REALIZABILITY SEMANTICS

The abstract machine presented in Chapter 2 is part of a classical realizability machinery that
will be built upon here. We aim at obtaining a semantical interpretation of our higher-order
type system. In particular, a proposition (i.e., a type of sort o) will be interpreted by three
sets: a set of values, a set of stacks and a set of terms. As always in classical realizability, the
model is parametrised by a pole, which serves as an exchange point between the world of
programs and the world of execution contexts, encoded as stacks.

Definition 4.5.26. Given a reduction relation R C (AXIT)x(AXTT), a pole is a set of
processes 1L C AXTT which is R-saturated (i.e., closed under backward reduction). More
formally, if we have q € 1L and pRq then p € 1.

It is important to note that in the remaining of this chapter, we will consider, if not
otherwise specified, a fixed (but arbitrary) pole 1.

The notion of orthogonality is central in Krivine's classical realizability. In this frame-
work a type is interpreted (or realized) by programs computing corresponding values. This
interpretation is spread in a three-layered construction, even though it is fully determined
by the first layer and the choice of the pole. The first layer consists of a set of values that
we will call the raw semantics. It gathers all the syntactic values that should be considered
as having the corresponding type. As an example, if we were to consider the type of natural
numbers, its raw semantics would be the set {ii | n € N} where 1 is some encoding of n.
The second layer, called falsity value, is a set containing every closed stack that is a candidate
for building a valid process using any value from the raw semantics. The notion of validity
depends on the choice of the pole. The third layer, called truth value is a set of closed
terms that is built by iterating the process once more. The formalism for the two levels of
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orthogonality is given in the following definitions. Recall that A’,, A" and TT* denote the set
of closed values, closed terms and closed stacks respectively.

Definition 4.5.27. For every set ® C A we define a set = C IT* as follows.
Or={mell* |Vved,vxme 1)

Definition 4.5.28. For every set ¥ C TT* we define a set YL C A as follows.
Yr—f(teN|VreV, txme L)

We now give several general properties of orthogonality, which hold in every call-by-
value classical realizability model. They will be useful when proving the soundness of our

type system.

Lemma 4.5.29. If ® C A® is a set of values, then ® C d

Proof. We take v € ® and show v € ® " By definition we need to show v x 7 € 1L for all
stacks 7t € & This is immediate by definition of ® O

Lemma 4.5.30. Let W C A’ be sets of closed values. If ® C V¥ then ytc ol

Proof. Let us suppose that ® C W, take 7w € W and show that 7t € G, By definition, we
know that for all v € ¥ we have v % 71 € 1. Since ® C W this is also true for all v € ®, and
hence 7 € & O
Lemma 4.5.31. Let ®, W C A’ be sets of closed values. If Y+ C & then ¢ CyH
Proof. Let us suppose that W C &, take t € ®" and show that t € ¥, By definition,
we know that for all T € ®* we have t x 7t € 1. Since ¥ C ®~ this is also true for all
7t € Y& and hence t € ¥ O

Lemma 4.5.32. Let ®, ¥ C A’ be sets of closed values. If ® C V¥ then o cytt

Proof. Let us suppose that ® C W and apply Lemma 4.5.30 to obtain ¥ € &, We can
then conclude using Lemma 4.5.31. O

When choosing a pole, it is important to check that it does not yield a degenerate

model. In particular we need to check that no term is able to face every stack. If it were the
case, such a term could be used as a proof of .

67



Definition 4.5.33. A pole I C AXTT is said to be consistent if for every closed term t € A"
there is a stack 7t such that t x 7t ¢ 1.

In this thesis, another property will be required of our poles. As we are in the presence
of an equivalence relation over terms, we will need our poles to be closed under this relation
in some sense. This will allow us to derive the same properties for equivalent terms, and
handle them uniformly.

Definition 4.5.34. Given an equivalence relation R C AXA, a pole 1L C AXITT is said to
be R-extensional if for every closed terms t, u € A’ such that tRu, and for every stack
7 € TT, we have t *x 7t € 1 if and only if uxm € 1.

From now on, and until the end of this chapter, we will only consider poles that are both
=-extensional and R-saturated for some reduction relation R C (A XTT)x (A xTT) such that
(>) C R. This information will be kept implicit most of the time. Note that R, much like (=)
is a parameter of our type system and realizability semantics.

Theorem 4.5.35. Let ® C A’ be a set of closed values and t, u € A" be two closed terms.
With an =-extensional pole, if t € ®*" and t = u then u € ¢

Proof. By definition we need to take 7t € ® and show that w7t € 1. Since t € " we
have t * 7t € 1L and hence we can conclude using the =-extensionality of our pole since we
have t = u. O

In our realizability model, the well-formed closed types will be interpreted by the
elements of a set defined according to their sort. Such a set can be seen as the interpre-
tation, in the model, of the sort themselves.

Definition 4.5.36. To every sort s € 8 we associate a set [s] defined as follows.

[l = A, [l = A [o] =11

[ol = {P € P(A,/=) | o € P) [s — 1 = [+]™
Note that a type of sort o will be interpreted by a set of closed values containing the special
value O. It is also required for this set to be closed under the equivalence relation (=).

This means that for all ® € [o] and for all closed values v, w € A, such that v € ® and
v = w we also have w € .

Remark 4.5.37. The presence of the value 0O in the interpretation of types of sort o is
not important for the current chapter, nor for Chapter 5. It will however play a crucial
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role in Chapter 6, where the semantical interpretation of propositions will be required to
be non-empty.

The semantical interpretation of types usually relies on a substitution (or interpretation
function) to interpret free variables. Here, we will use another common method consisting
in extending the syntax of types with the elements of the model. We will thus substitute
free variables with such elements of the model, which will allow us to interpret closed types
only. Of course, an open type can always be made into a closed types by replacing its free
variables by elements of the interpretation of the corresponding sorts.

Definition 4.5.38. We extend the syntax of types with the elements of the model. As a
consequence, we will consider that [s] C F for every sort [s]. Note that this is already
true for s = 1, s = T and s = 0. We will often use the letter ® to denote an element of the
model in the syntax. Our system is also extended with the following sorting rule.

® < [s]
HEO®:s

Definition 4.5.39. Given a sorting context L, we call a valuation over £ a finite map p such
that for all x € dom(Z) we have p(x) € [Z(x)]. If A € Fisatype and s € 8 is a sort such
that £ - A : s then we denote Ap the type formed by applying p to A.

Lemma 4.5.40. Let £, and X, be two sorting contexts such that dom(Z;) N dom(XZ,) = .
Let A € F be a type and s € 8 be a sort such that X,, X, - A : s. If p is a valuation over
%, such that dom(p) N dom(Z,) = & then &, - Ap : s.

Proof. Simple induction on the derivation of %;, £, - A : s by replacing the variables of
%, by their value in p. During the induction £, will grow when going through the rules that
extend the context. The proof for the other rules can be handled immediately by induction
hypothesis. The only interesting case is the axiom

Z],Zz l_X:S

for which there are two cases. Either x € dom(XZ,) and the derivation remains an axiom,
or x € dom(Z,). In this second case we have x € dom(p) and thus xp = p(x) € [s]. As
a consequence the derivation becomes the following.

p(x) € [s] 0
Ly Folx):s
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Lemma 4.5.41. Let L be a sorting context, A € F be a type and s € 8 be a sort such that
we have Z + A : s. If p is a valuation over X then FAp : s.

Proof. Direct consequence of Lemma 4.5.40 by taking £; = £ and %, = @. O

We can now give the interpretation of our type constructors in our model. In particular,
the elements of the model such as values, terms or stacks will be interpreted as themselves.

Definition 4.5.42. To every closed type A € F we associate a set [A] called its interpre-
tation. It is defined inductively on the structure of A as follows.

[o] = @
[(x—A) O — [Alx:= 1]
[A(B)] = [AIBI)
[A =Bl = {Ax.t | Vve[Al\{o}, tix:=v] € [B] "} U (o}
[teA] = {ve[Allv=tlulo}
[ATt=u] = {vel[Allt=u}u{og}
[t:ag, ] = {(i=v), } I viel v e [AT\ (@} uio)
lic:A), ] = LiedCbI v € TATN (B} U o)
[vx* Al = Ny [AX =PI
[3x° Al = Ugcpqg [AK =@

I =
1=

Remark 4.5.43. We have [A[t=u] = [A]if t = u and [A [t =u] = {0} otherwise.
We also have [teA] = {o} if there is no v € [A] such that v = t.

Theorem 4.5.44. Let L be a sorting context, A € F be atype and s € 8 be a sort. If we have
a derivation of £ - A : s and if p is a valuation over L then [Ap] € [s].

Proof. The proof is done by induction on the derivation of Z - A : s. We reason by case on
the last rules used in the deduction tree. In the case of the rule

® e [s]
HE®:s

the proof is trivial. For the first eighteen rules of Figure 4.1, the proof is immediate using
the induction hypothesis. The remaining cases are treated below. Note that we recall the
corresponding rules after the proof of each case.
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- In the case of the arrow type, we need to show [(A = B)p] € [o]. By induction
hypothesis, we know [Ap] € [o] and [Bp] € [o], which give us [Ap] C A’ and
[Bpl C A" Consequently, [Ap = Bp] is well-defined and [Ap = Bp] C A’. By
definition, we also have o € [Ap = Bp] so it only remains to show that [Ap = Bp] is
closed under (=). According to Theorem 3.5.39 we know that the only value that is equal
to O is itself. As a consequence, we only have to consider values that are equivalent to a
A-abstraction of [Ap = Bp]. Let us take Ax.t € [Ap = Bp] and a value w € A’ such
that Ax.t = w. According to Theorem 3.5.43 we have w = Ay.u for some y € V, and
u € A. To show that Ay.u € [Ap = Bp] we take a value v € [Ap] \ {o} and we show
uly=v] € I[Bp]]u'. Since Ax.t € [Ap = Bp] we know that t[x:=v] € [[Bp]]LL and
thus it is enough to show uly := v|] = t[x := V] according to Theorem 4.5.35. Now, since
Ax.t = Ay.u and (=) is a congruence (Definition 3.2.8) we have (Ax.t) v = (Ay.u) v.
Moreover, since (=) is a compatible equivalence relation (Definition 3.2.10) then we can
use Lemma 3.3.16 to obtain (Ax.t) v = t[x:=v] and (Ay.u) v = uly :=v] since we know

that v # o0 and v is closed. We_can thus conclude using the transitivity of (=).
LFA:o0 LFEB:o

FA=B:o

- In the case of the product type, we need to show that ® = [[{(li : Ai)iel}p]] € [o]. For
all i € I, the induction hypothesis tells us that [A;p] € [o], which implies [A;p] C A’.
As a consequence, we obtain ® C A'. We also know that o € ® so it only remains
to show that @ is closed under (=). According to Theorem 3.5.39 we know that the
only value that is equal to o is itself. As a consequence, we only have to consider
values that are records. Let us take {(l;=v;),_;} € ® and a value w € A, such that
{(li=wi),_} = w and show that w € ®. According to Theorem 3.5.42, w must be of
the form {(1; = w;), _/} with v; = w; for all i € I. We can thus conclude since [Aplis

closed under (=). £ A o)
Z '7 {(11 : Al)

iel

}:o

- In the case of the sum type, we can use the same reasoning as for the product type to
obtain that @ = II[(Ci PAY) p]l C A'. By definition, we also have o € ® so we only
have to show that ® is closed under (=). As it is defined as a union, it is enough to
show that all of its components are themselves closed under (=). In particular, it is
the case for {O} according to Theorem 3.5.39. Let us now take i € I and show that
{C:lv] | v € [A;pl} is closed under (=). This follows from Theorem 3.5.41 since [ A;p] is
closed under (=). (ZEA,: O}iel

LEC:AY ] 0

- In the case of the universal type, we need to show that [(Vx.A)p] € [o]. As we
are free to rename X we may assume that x ¢ dom(p) and hence our goal rewrites
[vx.Apl = Noels] [Aplx := ®I] € [o]. By induction hypothesis, we know that for

iel
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all ® € [s] we have [Ap[x = ®]] € [o]. We can thus conclude since an arbitrary
intersection of elements of [o] is trivially an element of [o].

Y,x:sFHFA:o0
YEVx.A:o

In the case of the existential type, we can use a similar reasoning as for the universal
type. We only need to remark that an arbitrary union of elements of [o] is trivially an

element of [o]. s A
,X S 10

YHdx.A:o

In the case of the membership type, we need to show [tp€Ap] € [o]. By induction
hypothesis, we know [tp] = tp € [t] = A"and [Ap] € [o]. As a consequence, the set
[tpcApl ={v e [Ap]l | v = tp} U {o} is well-defined and we have [tpcAp] C A'.
It remains to show that [tp€Ap] is closed under (=) but this follows immediately by
construction and using Theorem 3.5.39.

FHt:Tt XFA:oO
HteA:o

In the case of the restriction type, we need to show [Ap [ tp = up] € [o]. Using
the first induction hypothesis, we know that [Ap] € [o]. Now, using the second
and third induction hypotheses we also know that [tp] = tp € [t] = A" and that
[up]l = up € [t] = A" Consequently, the equivalence t = u is well-defined, and thus
[Ap | tp =up] is either equal to [Ap] (which contains O already), in which case we
can conclude immediately, or to {o}. In this second case we obtain {o} € [o] using

Th
eorem 3.5.39 SFA:0 XFHt:T Zhu:T

LFEFATt=u:o0

O

To conclude this section, we provide two lemmas that will allow us to show that the

interpretation of a propositions is compatible with the equivalence relation (=). More
precisely, we will show that substituting a value (resp. a term) with an equivalent value
(resp. term) in a proposition does not change its semantical interpretation.

Lemma 4.5.45. Let X be a sorting context, A € F be a type, x € V, be a A-variable and v;,
v, € A bevalues suchthat Z, x: tFA:0, ZFv;:tand X - v, : . If p is a valuation
over X and if vip = v,p then we have [Aplx:=v;pl] = [Aplx :=v,p]l.

Proof. According to Theorem 4.5.44, we have [vip] = vip € [t] and [v,p]l = vip € [t
since we have Z vy : v and £ - v, : 1. As a consequence, p[x := v;p] and p[x := v,p] are
both valuations over the sorting context =, x : t, and thus we obtain [Ap[x := v;p]] € [o]
and [Ap(x := v,pl] € [o] using Theorem 4.5.44 once again. We will now show, by induction
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on the derivation of L, x:t F A: o, that [Ap[x:=v,pl] = [Aplx :=v,p]]. The only
interesting cases (that are not immediate by induction hypothesis) are membership and
restriction. In the case of membership

HEt:t ZFEA:oO
LFHteA:o

we need to show that [(teA)plx:=vipl] = [(t€A)plx :=v,pl]. By definition, we need to
show {v € [Aplx:=vipll | v = tplx = vipl} = {v € [Aplx =vypll | v = tplx:=v,p]}. As
we know that [Ap[x:=vp]] = [Aplx:=v,pl] by induction hypothesis, we only need to
show that tp[x :=v;p] = tplx := v,p]. This follows from the fact that (=) is a congruence
since we have vip = v,p. In the case of restriction

FA:0 XhHt:T XZhu:T
YFATt=u:o0

we have to prove [(A[t=u)plx:=v;pll = [(A]t=u)plx:=v,p]]l. By definition, we
need to show that tp[x :=v;p] = uplx:=v;p] if and only if tp[x = v,p] = uplx = v,p]
since [Aplx :=v;pl] = [Aplx = v,pl] by induction hypothesis. We can then conclude
since we have tp[x 1= v;p] = tplx = v,p] and up[x := v;p] = up[x ;= v,p] using again the
fact that (=) is a congruence. O

Lemma 4.5.46. Let X be a sorting context, A € F be a type, a € V, be a term variable and
u,uy; € A betermssuchthat X, a: tHA:0, ZFHu;:tand Z Hu, : 7. If p is a valu-
ation over £ and if u;p = u,p then [Apla:=u,pll = [Apla:=u,pll.

Proof. The proof is very similar to that of Lemma 4.5.45. O

4.6 ADEQUACY

Now that the interpretation of our types in our model has been specified, we need to show
that our typing rules actually agree with the semantics. Intuitively, we need to check that
whenever our type system can be used to prove that a term t has type A, then t is indeed
in the term level interpretation of A. This will be summarised in the following theorem,
but we first need the following definition. It will play a similar role as Definition 4.1.3 for
typing contexts.

Definition 4.6.47. Let L be a sorting context, p be a valuation over X and I' be a typing
context such that X T is derivable. We say that p realizes I and we write p I I if for
every x € dom(I") NV, we have p(x) € [(T'(x))pl \ {o} and for every & € dom(T") NV, we
have p(at) € [(M(x))oll -
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Theorem 4.6.48. Let L be a sorting context, ' be a typing context, = be an equational
context and A € F be a type. Let p be a valuation over £ such that p T and p I =.
- If tis aterm such that Z | T; = Ft: A is derivable, then tp € [[Ap]]LL.
- If vis avalue such that £ | T'; = k,; v : A is derivable, then vp € [Ap] \ {o}.

Proof. We proceed by induction on the derivation of the judgment X | I'; = K, v: A or
L |T;=HFt:A, and we reason by case on the last used rule. Note that the deduction rules
are recalled below the proof of the corresponding case.

- In the case of (Ax), we immediately have xp = p(x) € [Ap] \ {o} since p T, x : A.

Ax
Tox:t | Mx: A Z g x:A

- If the last used rule is (T) then we need to show vp € [[Ap]]LL. By induction hypothesis
we know vp € [Ap], hence we can conclude using Lemma 4.5.29.

z | F;EI;alv:AT
T Z2kv:A

- If the last used rule is (=,) then we need to show (Ax.t)p € [(A = B)p] \ {o}. As we
are free to rename x we can assume (Ax.t)p = Ax.tp and our goal hence rewrites
as Ax.tp € [Ap = Bp]. By definition, we need to take v € [Ap] \ {o} and prove
(tp)[x :=v] € [Bp] - We can thus conclude by induction hypothesis using the valu-
ation p[x := V] since we know that v # 0.

Z,X:L|F,X:A;E}—t:B:>.
TIT;ZkaMt:A=B

- If the last used rule is (=,) then we need to show (t u)p = tp up € I[Bp]]LL. Let
us take 7t € [Bp]" and show tp up * 7t € L. Since tp up * 7 > up * [tp)m and L
is saturated, it is enough to show up * [tp]m € 1. As up € [[Ap]]lL by induction
hypothesis, it only remains to show [tp]7t € [[Ap]]L. Let us take v € [Ap] and show
that v x [tp]mt € 1. If v = O then we have O * [tp]7t > O * 7 so it is enough to show
O * 7t € I since 1 is saturated. This is immediate as o € [Bp]. Now, if v # o then we
have v x [tp]7 > tp * v. 7 and since 1 is saturated, it is enough to show tp x v. 7 € 1.
By induction hypothesis tp € [Ap = Bpl™; hence it only remains to show that we
have v.m € [Ap = Bp]]L. Let us now take w € [Ap = Bp] and show wxv.m € 1.
If w = o then we have o0 % v.7 > O * 7t and it is again enough that o * 7t € Il as 1L is
saturated. If w = Ax.f then we have Ax.fxv.7 > f[x :=v] * 7w and as 1 is saturated,
it is enough to show flx:=v]* 7 € 1. Since 7 € [[Bp]]L it only remains to show
flx:=v] € [[Bp]]LL, but this is true by definition of [Ap = Bp] since v € [Ap] and

we have v #£ 0. _ _
|IT;ZFHt:A =B ZIF;;I—u:A#

L|T;=+tu:B ’
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If the last used rule is (u) then we need to show that (po.t)p € [[Ap]]LL. As we are
free to rename o, we can assume that (po.t)p = po.tp and thus our goal rewrites
as po.tp € [[Ap]]i% Let us now take a stack 7 € [[Ap]]L and show po.tp * 7 € U.
Since po.tp * 7t > tploe := 7] * 7t and L is saturated, it is enough to show that we have
tploc:=m] * T € L. We can then conclude by induction hypothesis with the valuation

o =T
Pl ] Z,oc:crll’,oc:AL;El—t:Au

T ZF pot:A

If the last used rule is ([-]) then we need to show ([«]t)p = [p(x)]tp € [[Bp]]lL. Let
us take 7 € I[Bp]]L and show [p(a)]tp * 7t € L. Since [p(x)]tp * T > tp * p(x) and
1 is saturated, it is enough to show tp * p(«) € L. By induction hypothesis we know
tp € [[Ap]]LL and hence we only need to show p(«x) € [[Ap]]L. This is immediate since

FT, o AL
P S,u:0 | Na:A 2t A

S,a:o0 | oA ZH[t: B
If the last used rule is (V;) then we need to show vp € [(Vx’.A)p] \ {O}. As we are free
to rename x we can show vp € [Vx .Ap] \ {0} = Noegs [APLX = @I\ {o}. Hence
we take @ € [s] and show vp € [Aplx = ®]]\ {o}. We have vp = vp[x := ®] since
X cannot appear in v as otherwise the conclusion judgment would not be well-formed.
We can thus conclude by induction hypothesis using the valuation p[x := ®].

(-]

Lox:s | = val‘“Av

TIT:Zhyv:W.A
If the last used rule is (V,) then we need to show tp € [(Alx:= B])p]]ll. By induc-
tion hypothesis we have tp € [[(VXS.A)p]]LL, and as a consequence we need to show
that I[(sz./l\)p]]LL C [(Alx = B})p]]J'J'. According to Lemma 4.5.32, it is enough to
show [(vx".A)pl C [(Alx :=Bl)pl. As we are free to rename ¥ our goal rewrites as
[vx’.Apl C [Aplx :=Bpll. Since [Vx".Apll = Ny [Aplx = 1] and Bp € [s] we
can conclude.

TIT;Z2Ft: WA IbB:s,
L|T;ZFt:Alx:=B] ’

If the last used rule is (3;) then we need to show tp € [[(HXS.A)p]]LL. By induction
hypothesis we have tp € [(Alx = B])p]]LL, and as a consequence we need to show that
[(Alx:=B)pl " C I[(EIXS.A)p]]LL. According to Lemma 4.5.32 it is enough to show
[(Alx:=Bl)pl C [(3x".A)p] and as we are free to rename X our goal rewrites as
[Aplx :=Bpl] C [3x".Apl. Since [Ix*.Ap]l = U, g [Apx = 1] and Bp < [s] we

can conclude. _
| T;ZFt:Alx:=B] ZFB:S}

LIT;Z2Ft:3A
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If the last used rule is (3,) then we need to show tp € [C p]]LL. Since we are free to
rename x we have p(x) € [(Ix".A)pl \{o} = [3x".Ap] \ {0} using p + T, x : Ix".A. By
definition, the means that p(x) € Ug e [s] [Aplx := ®]] and thus there must be ® € [s]
such that p(x) € [Aplx := ®]]. We can hence conclude using the induction hypothesis
with the valuation p[x = ®].

Z,x:L,X:sIF,X:A;EI—‘[:C3
Lox:u|Nx:IA;ZFt:C

e

If the last used rule is (€,) then we need to show up € [C ol To apply the induction
hypothesis, we need to check that p(x) € [Ap] \ {o} and that p(x) = tp, provided
p(x) € [tpeAp] \ {o}. By definition [tpcAp] = {v € [Ap] | v = tp} U {o} so we
must indeed have p(x) € [Ap] and p(x) = tp since v # oO.

Z,x:LII",x:A;E,xztl—u:C6
Zyx:t|yx:teA;ZFu:C

e

In the case of (€;) we need to show that vp € [vp€Ap] \ {o}. By induction hypothesis
we have vp € [Ap] \ {o} so we only have to prove vp = vp, which follows from the

reflexivity of (=). 5Tz A
v = g Ve

€;
L T;Zhkyv:veA

If the last used rule is ([) then we need to show tp € [Ap[wp= uzp]]LL. Using
the right premise we know that u;p = u,p and hence [Ap [ u,p = w,p] = [Ap] by

definition. Consequently we have [Ap [ u,;p = uzp]]li = [[Ap]]LL by Lemma 4.5.32
and hence we can conclude since tp € [Ap]™ by induction hypothesis.

LT, 2Ft:A 2w =u,
LI 2Rt ATy =u,

If the last used rule is () then we need to show tp € [C p]]LL. To be able to apply the
induction hypothesis, we only have to show p(x) € [Ap] \ {0} and w;p = w,p under the
assumption that p(x) € [Ap [ w;p = w,p] \ {0} # @. This immediately follows from
the definition of [Ap [ u;p = u,p] since it contains p(x) and p(x) # o.

Lyx:u | x:A; 2,y =uy-t:C
Sox:t|Nx:Alw=u,; 2 FHt:C*

If the last used rule is (x;) then we need to show {(l;=vip), _} € II{(li : Aip)ia}]] \ {a}.
By definition it is enough to show that v;p € [Ap] \ {o} for all i € I. This exactly
corresponds to the induction hypotheses.
[Z‘ | F, = val Vi - Ai]iel
LT 2k {(Li:vi)iel} : {(li:Ai)ieI}

i
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- If the last used rule is (x,) then we need to show (v.l,)p = vp.l € [[Akp]]LL. Let us
take 7 € [Ap]" and show vp.l % 7 € L. By induction hypothesis we know that
vp € [[{l A 1€I}p]l\ and thus vp = {(l;=vy),_} with v; € [A1\{o} for all
i € L. Since {(1; =v;p), }lk* T > VP % TC and 1L is saturated it is enough to show
vp * 7t € IL. This is 1mmed1ate since 71 € [[Akp]] and vip € [Awp] \ {o}.

)y | r, E '79.1 v {(11:A1")i€l} k S I
LT 2wl Ay :
- If the last used rule is (4;) then we need to show C,[vp] € [[[(Ci:Aip)id]]l \ {o}. B

definition, it is enough to show that vp € [A,p] \ {O} since k € 1. This is exactly the
induction hypothesis.

SIT;ZhygviA, kel N
D | r) = val Ck[v] : [(Ci:Ai)iel] ‘

- If the last used rule is (+,) then we need to show [v|(C;[x;] — t; ) p € ][Bp]] L As We
are free to rename x; for alli € I our goal rewrites as [vp| (Cilx ] H tlp) ] e [[Bp]]
Let us take 7w € [[Bp]] and show [vp|(Cilxi] — tip), ] * 7 € L. By the ﬁrst 1nduct10n
hypothesis vp € [[ (C;: Alp)iel}]l \ {0} so it must be that vp = C[w] for some k € I and
w € [Apl \{o}. As 1L is saturated and [C[w] | (C;[xi] — tip), ) ¥ 7> tplx = Wik
it is enough to show t,p[x, :=w]* 7t € 1. Consequently, we only have to show that
tplx=wl € ][Bp]]J‘L since 7T € [[Bp]]L. Note that neither B, A} nor v may contain the
variable x; as otherwise some judgment would not be well-formed. As a consequence,
we have [Bplx,:=wl] = [Bpl, [Awplx, =Wl = [Ae] and vplx, :=w] = vp. To
be able to conclude using the induction hypothesis, we need to show that the valuation
plx :=w]realizes T, x, : Ay ; =, v = Clxy]. As p realizes T'; = and as w € [Ap] \ {T}
it only remains to show vp = C,[w], which follows from the reflexivity of (=).

LI 2Rk v (CiA) ) [Zyxiu [ Tixt A 2, v =Gl Ht Bl
T ZFW(Cilxd—t), 1:B

iel

e

- Ifthe last used rule is (=,,,) then we need to show (v[x :=w,])p € [(Alx:=w,])p]\ {O}.
As we are free to rename x our goal rewrites as vp[x = w,p] € [Aplx:=w,pl] \ {O}.
According to our second premise we have w;p = w,p and thus Lemma 4.5.45 gives us
[Ap[x :=w,yplll = [Aplx:=w;pl]l. We also obtain vplx := w,p] = vp[x := w;p] using
the fact that (=) is a congruence. Now, since we know that [Ap[x := w;p]] is closed
under (=), it only remains to show that we have vp[x := w;p] € [Aplx:=w;pl] \ {o}.
To be able to conclude by induction hypothesis, we need to show that p I I'[x :== w;].
As we know that p IF T[x := w,] we only need to show that for every type B appearing
in I we have [(B[x := wy])p] = [(B[x := w,])p]l. As we are again free to rename x, this
rewrites as [Bp[x := wypl] = [Bplx := w,p]]. We can then conclude the proof using
Lemma 4.5.45 once more.
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L TIx=w]; 2 kgvix=w] :Alx=w;] ZkFw =w,

=0

| TIx == wyl; Z Ky vixi=wyl : Alx = w)]

- If the last used rule is (=-,) then the proof is similar to the previous case, using the
fact that ®; = ®, implies G+ * (Le., Lemma 4.5.32).

L TIx=w]; 2 Ftix=w]:Alx=w] ZFw=w,_
| Tlx =w,]; 2 Ftlxi=w,y] : Alx = w,)

- If the last used rule is (=, ;) then the proof is the same as for the (=) case, using
Lemma 4.5.46 instead of Lemma 4.5.45.

wl:Ala=w] ZrFuy=w,

L | Ta:=w]; = Ky vla:
L Tla=uw]; =2

LT

Fa via:=u,] : Ala:=u,)
- If the last used rule is (=) then the proof is the same as for the (=,,) case, using
again Lemma 4.5.46 instead of Lemma 4.5.45.
L Tla=wl;ZFtla=w]:Ala=u] ZrFu =u,
L Tla=w];Z Ftla=u,] : Ala:==u,]

=11

O

Thanks to adequacy (Theorem 4.6.48), it is possible to prove properties of our language
and type system by choosing appropriate poles. For instance, we can easily check that
closed, typed terms normalise using a pole containing only processes reducing to a final
state. Note that here, we need to fix the parameters of the system. We will consider (=) to
be (=.) and R to be (>) in the following theorem.

Theorem 4.6.49. Every closed, typed term normalises. More precisely, for all t € A’ such
that -t : A is derivable there is v € A\ {0} such that t x ¢ >* v x&.

Proof. We consider the pole I = {p € AxTT|Ive A, p >* v * ¢} which is trivially satu-
rated. We will first check that it is also =.-extensional. Let us suppose that t =, u and
that t x 7t € 1. By definition of 1, there must be a value v such that t x m >* v x ¢, and
thus we have t x 7t} . Since t =, u we can deduce u* 7|, and thus there must be a
value w such that u* 7 > w * ¢. This exactly means that ux 7 € L.

We can now apply Theorem 4.6.48 with the pole I and the empty substitution pld to
obtain t € [[A]] By definition, this means that t * & € JL for every stack & € ]IA]]
particular, we have t x ¢ € 1L as we trivially have ¢ € [[A]] . This exactly means that there
is avalue v € A such that t x € >* v x €. It remains to show that v is closed and different
from o. This is immediate as none of our reduction rules may introduce O or a free variable,
and a closed typable term contain neither. O
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Using similar techniques, it will be possible to prove a stronger safety property in
Chapter 6. In particular, we will show that terms of type A reduce to values of [A],
provided that A is a pure data type. Roughtly, this will corespond to types that do not contain
arrows. In particular, we will use the fact that the value interpretation of such a type does
not depend on the choice of the pole.

Remark 4.6.50. We do not prove any type safety result here as our realizability model and
type system will be altered in Chapters 6 and 5. In particular, the reduction relation (—») that
will be introduced in Chapter 5 will allow for simpler proofs.

4.7 TYPING STACKS

In our system, the typing rule for the named terms of the Ap-calculus is limited to stack
variables. As a consequence, terms can only contain terms of the form [7]t when 7t is a

stack variable. _
S,a:o0 | Ma:AZHTA

,x:0 | F,oc:AL;EF[odt:B
It is however possible to generalise this typing rule to accept more stacks, provided that
they can be typed in some sense.

[-]

Definition 4.7.51. A stack judgement is a tuple of a typing context [; an equational context
=, a stack 7t € TT and a type A € F that is denoted I'; = - 7t : A~ We say that such a
judgment is well-formed under the sorting context £, and we write £ | I'; = F 7t : A if
andonlyifwehave LT 2 FHZ Lb-n:0and ZH Ao

Using a stack judgment, the typing rule for named terms can replaced by the following,
provided that we have enough rules for typing stacks.

TIT;ZFt:A ZIF;EFn:ALH
LIT;ZF[nt:B

To recover our previous typing rule for named terms, we need at least a rule for handling
stack variables. This typing rule is very similar to the axiom rule (Ax), as it refers to
the context.

AXL

S,o:0 | Noa: A S o A
Using (Ax™), the old ([-]) rule can be derived as follows.
AXL
S,x:0 | Na:A;ZHtE:A Z,oc:crlF,oc:AL;El—oc:AL[_]
S,a:0 | o :A;ZF[adt: B
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In addition to the (Ax™) rule, we provide two rules for stacks formed by pushing a
value on a stack, or stack frames. Note that it is also possible to give a typing rule for the
empty stack. We will not use it here as it requires all the processes of the form v * ¢ to be in

the pole.
P LIT;ZhuviA Z|T;EFm:B"

L|T:2Fv.m:A=B"

LITiZFt:A=B L NEkn:B
LI EF[tn: A

Semantically, we will interpret stack judgments in a similar way as value and term
judgments. The new adequacy lemma will then involve the three forms of judgments.

Lemma 4.7.52. Let A, B € F be two types such that FA: 0 and FB: 0. If v € [A]\ {0}
and 7 € [B]" then v.7 € [A = B]".

Proof. Let us take a value w € [A = B] and show that wxv.7 € L. If w = O then we
have o * v.7 > o * 7t and thus it is enough to show that o * 7t € 1L since L is saturated.
This is immediate as 7 € [[B]]L and o € [B]. If w = Ax.t then since 1 is saturated
and Ax.t x v.7t > t[x = v] % 7 it is enough to show t[x:=v]*m € 1. As 7t € [[B]]L this
amounts to showing that t[x :=v] € I[BIIJ'L, but this follows by definition of [A = B] as
v e [AT\{a} O

Theorem 4.7.53. Let L be a sorting context, I be a typing context, = be an equational
context and A € F be a type. Let p be a valuation over £ such that p T and p IF =.
- If X | T;ZFt:A is derivable, then tp € [[Ap]]iL.
- If £ |T;=F7:A" is derivable, then mp € I[Ap]]L.
- If £ | T;Zk,Vv:A is derivable, then vp € [Ap] \ {o}.

Proof. As for Theorem 4.6.48, the proof is done by induction of the derivation of the typing
judgments. For all the rules of Figure 4.2 but ([-]) the proof is exactly the same as for
Theorem 4.6.48. Four new cases are displayed below.

- If the last used rule is ([-]) then we need to show [mp]tp € |[Bp]]LL. Let us take
(S [[Bp]]L and show [mp]tp % 7t € 1. Since [mp]tp % 7t > tp % 7tp and 1 is saturated,
it is enough to show tp * 7tp € 1. This is immediate since tp € I[Ap]]lL by induction
hypothesis and 7p € [Ap] ™

LI EFEt:A DT EFmeA
|2 [nAt:B

- If the last used rule is (Ax™) then we immediately get ap = p(a) € I[Ap]]L since we
know that we have p T, « : AL
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AXL

S,ax:o | T a: Ao A
- Ifthe last used rule is (---) then we need to show vp.7p € [Ap = Bp]]l. This follows

from Lemma 4.7.52 since we have vp € [Ap] \{g} and mp € [[Bp]]L by induction

hypothesis.
P S T ZhyviA I ZFm:B

ST ZkFv.n:A=B"

- If the last used rule is ([-]-) then we need to show [tp]7p € ][Ap]]l. Let us take
v € [Apl and show v * [tp]mp € 1. If v = O then we have O * [tp]mp > O * 7tp and
since 1L is saturated it is enough to show o 7tp € 1. This is immediate as o € [Bp]
and 7p € I[Bp]]L by induction hypothesis. We can now suppose that v # o and thus
v € [Apl \{o). As 1 is saturated and v * [tp]7tp > tp *x v.7p it is enough to show
tp * v.7p € 1. By induction hypothesis we know tp € [Ap = Bp]]Ll and thus it is

enough to show v.mp € [Ap = BpI[L. This follows from Lemma 4.7.52 since we have
v € [Apl \ {0} and mp € [Bp]™

L|IT:ZFt:A=B 2|nsknﬁﬂ+
TIT; 2 [tn: AS
O

Of course, Theorem 4.6.49 can still be proved in the extended system with exactly the same
proof, but using the extended adequacy lemma.
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S A MODEL FOR A SEMANTICAL
VALUE RESTRICTION

In this chapter, we consider the encoding of dependent types (i.e., a form of typed quantifi-
cation) into our system. However, the expressiveness of such constructs is considerably
limited by the value restriction. To solve this issue we introduce the notion of semantical
value restriction, which allows the system to accept many more programs. Obtaining a model
justifying semantical value restriction will require us to change our notions of reduction and
observational equivalence.

5.1 DEPENDENT FUNCTION TYPES

It is possible to encode dependent types into our system to obtain a form of quantification
over the values (or terms) of a given type. This encoding relies on the well-known relativised
quantification scheme, and it was suggested by Alexandre Miquel.

Definition 5.1.1. Let A, B € J be two types, x € V, be a A-variable and a € V. be a term
variable. We will use the following notations for representing dependent function types
ranging over values and terms respectively.

M aB = Vx.(xEA = B) TM,cAB = Va.(a€A = B)
Of course, we do not need to give additional sorting rules since T, B and TT, 5B are only

syntactic sugars. However, we can use the following typing rules to work with dependent
functions more easily.

Z,X:L\F,x:A;EI—t:B[y:zx]”v
| T; 2k Ax.t i TTycAB

Syx:t|Tyx:A; ZFt:Bla:=x]
| T Z Ky Axt: TTeaB

e
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TITEht:MeB T ZhyviA
T |T;ZFtv:Bx:=v

[I]
=

<
>

S |T;SFt:Me B Z|T;
T |T;=ZFtv:Bla="y

Note that both elimination rules require the value restriction on their second premise. In
other words, dependent functions can only be applied to values. The four new typing rules
can immediately be used to extend the type system as they are derivable. Hence, we do not
have to extend our adequacy lemma (Theorem 4.6.48 or Theorem 4.7.53).

Lemma 5.1.2. The typing rules for the dependent function types are derivable.

Proof. The derivations for each of the new rules is given below.

Z,X'LIF,X:A;E}—t:B[y:X] Wi
Z,y‘ L Mx:A;ZF1t:Bly:=x] W
Z,y:t, Llrx A;E,x=ybt:Bly=x]_
Z,y., .L|F,x./\,:,x:yl—t.B6
Z,y:t,x:tlF,x:yEA;EFt:B#_
Z,y:LIF;EI;al?\x.t:yeA:}BviL
T Z kg Axt:Vy.(yeA = B)Def
L|T5 2Ky Axt:TTycaB
Zox:t|x:A;ZFt:Bla=x] Wi
L,artyx:u|Nx:AjERt:Bla=x

Soa:T,x: L] x:A;Z,x=akFt:Bla=x]
Z,a:T,x:LII’,x:A;E,xzal—t:BE
Z,a:T,x:LIF,X:aEA;EI—t:Bé
Z,a:T\F;EVd?\xt'aeAéB
| T2 kg Axt:Va.(a€A = B) e‘f
LT 2 Ky Ax.t: TTyeaB

| T;ZFt:TAB Def LT, Zkyv:A -1
Z\F;El—t:Vx.(xeAéB)ve ZII“;EFValv:vEAT
| ZFt:veA = Blx=vV] le“;E}—v:veA:>

L|T;ZFtv:Bx=v] )
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LT, ZFt:M,AB Def
Y|T;ZFt:Va.(aeA = B) “ >
Z|T;2Ft:veA = Bla:=vV] z |

T Z2Ftv:Bla=v]

O

Remark 5.1.3. Note that in the typing rules we consider, the variable bound by the depen-
dent type (i.e., x or a respectively) does not appear free in the type A. In fact, this restriction
is not necessary, and we could adapt the rules accordingly. However, the considered types
would not correspond to dependent functions anymore.

Our encoding of the dependent products makes sense with respect to the semantics.
Indeed, their interpretation is similar to the arrow type as it contains functions, but the

type of their body depends on the value of the input.

Lemma 5.1.4. If A, B € J are types such that FA : 0 and x : t - B : 0 are derivable then
we have the following.

[M.eaBI = {Ax.t [ Vv e [AI\ (o), th:=v] € [Blx:=v]]""} U (o)
Similarly, if a : T = B : o is derivable then we have the following.
[MecaBl = {Ax.t | Vv e [AI\{o}, tix:=v] € [Bla:=v]]"} U {a)

Proof. The proof is done using simple equational reasoning starting from the definition
of [vx.(x€A = B)] and [Va.(a€A = B)] respectively.

[TeABl = [V¥x.(x€A = B)]
= Mgy [PEA = Blx:= 0]]
= Nyt ¥veldeAl\(al, th:=v] € [Blx:= ]} U o)
= (At |VOe[l],Vve{w e [Al|w = ®}\({a}, tix:=v] € [Blx:= CD]]]LL} U {o}
= (At | VvelAl\{n}, tix:=v] € [Bx:=v]]"} U {a}
The proof for [Va.(a€A = B)] is similar but it requires Lemma 4.5.46. O

5.2 THE LIMITS OF THE VALUE RESTRICTION

In languages like OCaml, the value restriction is not so problematic. Indeed, it is only
required on the typing rule for polymorphism, and programmers almost never notice it
as they mostly define functions (which are values). Moreover, if an instance of the value
restriction is encountered, one can always use a dummy A-abstraction (or an n-expansion)
to transform a term into a value. A common example of this situation arises when working
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with combinators (e.g., parser combinators) and partial application. As an example, let us
consider the code below (written in OCaml syntax).

(* type 'a gr *)
(* val any : char gr *)
(* val seq : 'agr — 'bgr — ('a* 'b) gr *)

let mono = seq any

let poly = fun g — seq any g

Here, t gr represents a parser (or grammar) returning a value of type t. The atomic parser
any reads one character on the parsed stream and returns its value. The combinator seq
takes as input two parsers and puts them in sequence to obtain a new parser. The return
value of this new parser is a couple of the return values of the parsers it is build with. Now,
if seq is partially applied with the parser any, the expected result is a combinator taking as
input a parser g, and returning a parser for the sequence build with any and g. Of course,
we want this new combinator to be as generic as possible, so that it can be applied to any
parser, with any return type. However, the combinator mono defined above is only weakly
polymorphic. This means that we will only be able to apply it to parsers of one fixed (but
yet unknown) type. Of course, seq any is not a value, and the value restriction applies. To
solve this lack of generality, we need to rely on an n-expansion as in poly, which has the
expected type 'a gr -> (char, 'a) gr.

As the definition of seq is probably something like fun p1 p2 -> body, the value restric-
tion is actually not required in mono. Indeed, the evaluation of seq any would instantly
reduce to a value (without any side-effect) in one f-reduction. This means that seq any
could actually be considered a value. However, as discussed in Chapter 1, the value restric-
tion is a very simple and elegant way to ensure the soundness of the type system. For this
reason, the limitations discussed here do not pose a big enough problem to motivate the
design of a more complex criterion in usual ML-like languages.

In our system, however, the value restriction is not only required on the introduction
rule for the universal quantifier, but also on the introduction rule for the membership
predicate. As it is used to derive the (T, .) and (IT ) rules, the value restriction is enforced
on the argument of dependent functions. It is indeed necessary as an unrestricted (€;)
rule breaks the consistency (and the type safety) of our system. To support this claim, we
will consider the system in which (€;) has been replaced by the following (unrestricted)

ing rule.
ping SINZFt:A

€L
L ITEFt:teA

In this system, the following (unrestricted) typing rule for the elimination of the dependent
function type can be derived (see the typing derivation below the rule).
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LINZFt:MeaB EZINEFu:A_

| ZFtu:Bla:=1ul

e, L

ZIT;=ZFt:T B et
Z|T;2Ft:Va.(acA = B) y ZIT:ZFu:A o
I Z2Ft:ueA = Bla:=u] ZIF;EI—u:uGA;
LIT;ZFtu: Bla=1u] ’

For convenience, we will also introduce a strong application rule that can also be
derived directly using (€; ). This typing rule will be used to keep track of the argument
used for a function, while typing the function itself.

LIThZFt:ueA=B Z|TMZFu:A
| Z-tu:B

e,€, L

I ZFu:A .
SIT:ZFt:ueA=B £ | F;El—u:ueA;
TIT:Z+tu:B ’

, L

We will now build a counter-example to the consistency of the system extended with
the (€; ) rule for the membership predicate. We will construct a typable term that reduces
to a value that does not belong to the expected type. We consider the term t u defined
thanks to the following subterms.

t = M.(A_v (f FIJD) (f TI(})
v = Ay.lylFLI — G TL — Col{}l]
u = poAxx|FL] =T TL] — [odA_FL{)]

In many reduction steps, we have t ux e >* C;[{}] x . To obtain our counter-example, we
will show that t u has type [Cy: {}| C;: {} [ w F[{}] = F[{}]]. For every stack 7t € TT we have the
following reduction sequence.

u F[{}] x> F[{}] * [ulm
> uxF{}.m
> Ax[x | FL = T TL — [FIOT . 7 AFI{ + FI{ .
> [FIUFL] =TI T — [FIT . ALF{] * 7
> T{H x =

As a consequence, Lemma 3.3.14 tells us that u F[{}] = T[{}]. As a consequence, it cannot be
that u F[{}] = F{}] and thus the type [Co: {}| Ci: {} [ u FI{J] = F[{}]] is equivalent to [C,: {}]
(i.e., they have the same semantical interpretation). This means that if we manage to show
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that t u has type [Cy: {}| C;: {} [ u F{}l = F[{}]], then we will have a contradiction to the
type safety as t u reduces to C;[{}], which is not contained in [[C,: {}I].

In the typing derivation displayed below, the type B is defined as [T: {}| F: {}], the type C
isdefined as [Cy: {}| C;: {} [ f F{}l = F{}]], the context I; is defined as f : B = B, the context
I, is defined as f: B = B,y : B,y = f F[{}] and [} is defined as « : B = B, x : B. Note
that the proof is split into three pieces so that it may fit in one page. The first two pieces,
labeled p; and p, respectively, should be plugged in the main part of the proof (i.e., the
third piece) at corresponding premises.

oy = FIO b 0 0y =fFi,y=FO) - FIQ) = FI

B,y =Pl R U OTFFT=FIT C hy =Tk O {}
D,y =Flllk GII: C, B,y = T ka Col{l :
LRay:B Lyhy=FHEGH:C D,y =THH = Golfi :

f:B=>B,y:By=~FfF{lyFLI=GEITL = Colfil : C_
f:B=B,y: (fFONEB - YIFLI = GIIITL = Gol}l] : €
f:B=BhaAy.lylFLT—= GHIITL — Col{ill - (f F{})€B = CPI‘

M
wT
. I+ P :
Dha0:0 . Tk A B =B,
BraTl1:B LEAF:B=B
G hax:B LET{:B I - [odA_F[{}): B
o:B =B x:BF[xIFL]=THITL — [A_FI{}] : B
o B = By AxIx| FLI = T T — [odA_F[{)]] : B :>BTL
o B =B Mx [ FL =TT = [dAFI{J] : B = B

FpocAx[x [ FLT = T TL] — [ A [{}H:B=>BPZ
e Nl {}
" H}Valf:BﬁBT n val {}
N kav: (FF{})eB=C LHf:B=B N = FEY
HEv:(fF{)eB=C ﬂkfF[{}};B#ﬁ ‘ N Ny {): {}
LEv(fF{):C N " L kaf:B=B N Rl {{}]
Nhka Av (fFD:B=C LFf:B=B T
LEAVEFQ):B=C REfTH:B

f:B=>BE (A (fF{N) (f T - [Co: GO fFEN=FIBI

Ra M. (A_v (f {} ) (F T : Maep—slCo: {1 Ci: {} Ia FIT = FI{}I "

EAfL(A v (F FION) (F T : TaepplCo: (G {3 a FI{Y = FI{}] Fu:B=B
EAA_Y (F D) (F TIOD) we [Co: {H Ga{} T FIJH = FI{] :
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As we have shown that the unrestricted introduction rule for the membership type is
unsound, there is no hope of encoding an unrestricted elimination rule for the dependent
function type into our system. Indeed, only the membership types are able to link the
world of terms and the world of types thanks to their semantics. The limitation imposed by
the value restriction on dependent functions leads to an expressiveness problem. Indeed,
it completely forbids the composition of dependent functions which is very common in
practice (especially for building proofs). In Chapter 7 we will consider several examples
including proofs on the natural numbers and the concatenation of vectors (i.e., lists of
fixed length) which could not be accepted under the usual syntactic restriction. For such
examples to work in our system, we need another criterion accepting more programs, while
still preserving soundness.

5.3 SEMANTICAL VALUE RESTRICTION

As discussed in the previous section, value restriction is an issue in the presence of the
membership type (and thus the dependent function type). To solve the related expressive-
ness problem, the author introduced the notion of semantical value vestriction [Lepigre 2016].
The main idea is to relax the restriction to allow terms “behaving like values”, and not
syntactic values only. Thanks to our notion of observational equivalence, this property can
be expressed easily in the syntax. Indeed, we will substitute a typing rule like

ZIT;ZFt:MeaB X | F;EI;aIV:A”
LITyZFtv:Bla=v)

Te

with the following rule, where the restriction to values on the second premise is replaced
by a third premise involving equivalence.
T ZFt:MeaB Z|THZFUu:A Zhu=v
| ZFtu:Bla=4]

This third premise requires the term u to be equivalent to some value v. Of course, it is
perfectly possible for u not to be a syntactic value itself.

Remark 5.3.5. Semantical value restriction is a strict relaxation of value restriction. Indeed,
value restriction exactly corresponds to a version of semantical value restriction in which
we would only be able to use reflexivity to show that two terms are equivalent.

In the syntax, semantical value restriction will be presented as a simple extension of
our type system with the following, seemingly obvious, typing rule.

er;El—v:Al
LT, Zkyv:A
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It should not be confused with our (T) rule, which premise is a value judgment and which
conclusion is a term judgment. Our new (|) rule allows us to transform a term judgment
into a value judgment, provided that the considered term is a value. The (= ,) rule can then
be used to obtain a proof of £ | I'; = v : A from a proof of £ | T'; = -t : A, provided
that = -t = v can be proved. This technique can be used, for example, to derive a relaxed
version of the membership introduction typing rule.

Lemma 5.3.6. The following typing rule is derivable in our system extended with (]).

T2+t A El—tzve_
LIT;ZFt:teA

Proof. We can use the following derivation.

LI ZFHt:A ZHEt=v
z | l’;EFv:Al
L T, Zhkyv:A .
;= Valv:vGAT
L|T;ZFv:veA Sht=v_
LT 2kt :teA -

=11

T

O

We can then derive a relaxed version of the elimination rule for the dependent function
type. Again, it requires proving that a term is equivalence to some value.
Lemma 5.3.7. The following typing rule is derivable in our system extended with (]).

T2 Ft:TeaB Z T ZFUu:A ZhFu=v
T ZFtu:Bla=4]

ne,r

Proof. Using Lemma 5.3.6 we can use the following derivation in the system extended with
the €0 rule.

ZIT;ZFt:T,AB Def
Y| T;ZFt:Va.(aeA = B) “ I ZFu:A El—uzvEH
L|T;ZFt:ucA = Bla:=1] Z|F;):I—u:u€/\=> ’
T Z2Ftu: Bla=1] ’

[
Additionally, semantical value restriction allows us to derive a strong typing rule for

general application. It can be seen as a relaxed form of the following rule (which can be
derived easily in the initial system).
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LI ZFt:veA=B L |T;= Va1\1:}\é
|T;ZkFtv:B .

The aim of such a rule is to keep track of the argument that will be applied to a function,
when typing the function itself. This is useful, in particular, when this argument is used in
a case analysis. However, in its restricted form, this typing rule is not very useful since a
term like (Ax.[x|(Ci[x;] — ti)iel]) v is equivalent to [v| (Ci[x;] — ti)iel]’ and thus the same
effect can be obtained using the (=-,;). With semantical value restriction, we can derive a
stronger, relaxed rule.

Lemma 5.3.8. The following typing rule is derivable in our system extended with ({).

I ZFt:ueA=B Z | ZFu:A ZhFu=v
Z|IT;ZFtu:B

€61

Proof. Using again Lemma 5.3.6 to obtain the (€; .) rule, we can use the following derivation.
ZIThZFu:A ZFu=v

| ZHt:ueA=18B Z\F;EFLL:LLGA:>

L|T;ZFtu:B )

i1

O

The (=, . ) rule can be used to obtain the following rule for a generalised form of case

analysis ranging over terms (and not only values).

I 2Rt [(CAY. ] (X, x~:L|waAi;E,tECi[xJl—ti:B]i [ Zht=v

iel S -+

ST 2 A (Cilxid =t ) t: B o

Without such a rule, it would be impossible to preserve the equivalences of the form
t = Ci[x;] in the premises. We would only know that x = C;[x;], which is not enough since
we would have no way of linking x to t. The derivation of (+, ,) is given below. Note that we
will omit the sorting contexts for the proof to be more concise. We will also use the notation
A for the context I, x : [(C;:A;). L.

iel

Ayxi A Z,t=Cilxd Ht: B
" Ayxi A Zy2x =ttt = Cilxyd Hty B_
Ay Zx =ty x:[(Cit Ay, ] Ayxi A Z,x=t;x=Cilx Ht:B er,
A;Zyx =t [(Clxd—t), J:B
,_}—x\( xd—ty EI]:B
M 2 Ra Axlx | (Cilxd = t5), ] s tel(C )161]§BT‘
I ZF Axx | ( C[XJ—H’, 1:tel(Cy ]1€I =B F;El—t:[(Ci:Ai)iE[] Zkht=v

iel

F,:}—(?\x.x\ (Cilxid — ty)

)t:B

iel
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Of course, the derivation of all the new typing rules introduced in this section is
conditioned to the soundness of semantical value restriction. As a consequence, we need
to adapt our model so that the (|) rule is adequate. As we will see in the next sections, the
required modifications are highly non-trivial and require changing our notions of reduction
and equivalence.

5.4 SEMANTICS FOR SEMANTICAL VALUE RESTRICTION

As mentioned in the previous section, semantical value restriction can be enabled in our
system by extending it with the (|) typing rule (recalled below).

er;El—v:Al
YT, Zhkyv:A

In order to give a semantical justification to this rule (i.e., to show that it is adequate), we
need to find a model in which the following property holds for every ® € [o].

O NACo

This property is not true in general, and in particular it is not true in our current model.
A counter-example is given in the following theorem.

Theorem 5.4.9. If we choose (=..) as our equivalence relation and (>) as our reduction rela-
tion then there is a pole 1L and a set of values ® € [o] such that "N A’ contains strictly
more values that O.

Proof. Let us consider the pole 1L = {p € AXTT|IveA,, p>* vxe} and show that the
set @ ={vec A |v=. MQ}U/{o} is suitable. As we have A C /\*LLl by Lemma 4.5.29
it is enough to show ®+ = A:" since in this case we get N C ot = % Of course, there
are many values that are in A", but not in ®. For example, we have {} € A" but {} £ Mx.Q
according to Theorem 3.4.35.
Since ® C A’ we must have ot o /\*LL by Lemma 4.5.30, so it only remains to show that
Ot C /\*LL. Let us take a stack 7t € @ By definition, we know w * 7t € 1L for all w € . Let
us take a value v, € A, and show that vy * 7t € IL. If v, = 0O then this is immediate since
o € ® so we can assume Vv, # 0. We reason by case on the form of the stack 7.
- If m = ¢, then vy x 7t € 1 by definition of .
- If 1 = o for some « € V), then it cannot be that 7t € & If it were the case, we would
have Ax.Q % « € 1, which cannot be true since this process is blocked.
- If 1 = w.§ for some value w € A, and stack & € TT then it cannot be that 7t € oL If
it were the case, we would have Ax.Q s w.& > Q x & € 1, which cannot be true since
this process is non-terminating.
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- If m = [t]E for some term t € A and stack & € TT then we consider the reduction of
the process t * z . § where z € 'V is a fresh A-variable. We know that t * z . & cannot
be non-terminating, as otherwise (t xz.&)[z :=Ax.Q] = t x Ax.Q . & would also be
non-terminating according to Lemma 2.6.44. This would contradict [t]§ € O since we
have Ax.Q * [t]E > t * Ax.Q. &. Consequently, there is ¢ € AXTT such that z x [t]§ > g.
We now reason by case analysis following Lemma 2.6.46. If q is final, then q[z := V] is
also final by Lemma 2.6.44, and thus v  [t]& € 1. In all the other cases but z * [to]m,
the process q[z := Ax.Q)] is either still blocked or non-terminating, which contradicts
the fact that [t]& € &~ In the last case we can iterate the proof in a similar way as
for Theorem 3.1.7. In the case where also get that Ax.Q x [t]E € I since this process
is non-terminating. O

The idea now is to use our equivalence relation (=.) to extend the reduction relation
(>) with a new, surprising reduction rule. It will reduce processes having the form §,,,, * 7
to v 7t in the case where v #_w, and remain stuck otherwise. With such a reduction
rule, the definitions of reduction and equivalence become interdependent. Consequently,
we need to be very careful so that everything remains well-defined. We will rely on a
stratified construction of both reduction and equivalence.

Definition 5.4.10. For every i € N we define two relations (—»;) and (=;) as follows.
() = AU{Guurmvxm|Ij<i,vZw)
(=) = {(t,u)Ingi,VWGH,VpGS,tp*nHj(:)up*nllj}
Here, all the relations are well-defined as there is no circularity. In particular, we have
(=»9) = (>) since there is no natural number that is strictly smaller than 0. This implies
that we also have (=;) = (=.)
Lemma 5.4.11. For every i € N, the relation (=;) is an equivalence relation.

Proof. Immediate. O

We can then define our actual reduction relation and equivalence relation as a union
and an intersection over the previously defined relations.

Definition 5.4.12. We define a reduction relation (-») and an equivalence relation (=).

(=) =U () ==NE=)

ieN ieN
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Remark 5.4.13. We have (—»;) C (- ;) and (={,1) C (=;). Consequently, the construction
of (_»i)ieN and (Ei)ieN converges. In fact, () and (=) form a fixpoint at ordinal w.
Surprisingly, this property will not be explicitly required in the following.

Lemma 5.4.14. The relation (=) is an equivalence relation.

Proof. Immediate using Lemma 5.4.11 since an intersection of equivalence relations is itself
an equivalence relation. O

For convenience, the definition of our new reduction and equivalence relations can be
expressed in the following way, where (%) denotes the negation of (=).

(= = {(t,u)|VieN,Vneﬂ,VpeS,tp*ﬂUi(:)up*ﬂui}
(#) = {(t,u),(u,t)|HiEN,Hneﬂ,ﬂpes,tp*nﬂi/\up*nﬂi}
(») = HUu{Guxm,vxm)|vEw)

Note that the definition of (—») corresponds exactly to what we aimed for: an extension of
(>) with a reduction rule for 5-like terms carrying two non-equivalent values.

Theorem 5.4.15. Let I C A XTI be a »-saturated set of processes such that for every p € 1L
we have p| and o*e € L. If ® € [o] then we have the following property.

O NACO

Proof.  We need to show that for every value v € ® " we also have v € ®. We are going to
show the contrapositive, so let us assume v ¢ ® and show v ¢ o By definition, we need
to find a stack 7t € ® such that v x 7t ¢ 1. We will take 71 = [Ax.5,,][0]e and show that it
is suitable. We first need to prove that 7t € & so we take w € ® and we show w * 7 € 1L.
If w=o0othen oxm - Ox%x[oJe -» Oxe € 1L and we can thus conclude since 1 is
—»-saturated. Otherwise, if w # O then we have the following.

Wk T » A0, xw.[Ole » O, x[0Je » wx[ole » oxw.e » oxe€ll
Note that we have v # w since v ¢ ® and @ is closed under (=). We can thus conclude
using again the fact that 1 is —»-saturated. It now remains to show that vx 7y & 1. It
cannot be that v = o since we assumed v ¢ ®. As a consequence, we have the following.

vk —» Ax.d,, xv.[ole - b, x[Ole

-

Here, 6, * [O]e is blocked since v = v by reflexivity of (=) and thus v x 7t ¢ 1. O
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Remark 5.4.16. Theorem 5.4.15 only gives us the required property of the model for poles of
terminating processes (i.e., processes that eventually reduce to a final states). This limitation
is not a problem here as we will only consider poles having this property.

5.5 FINAL INSTANCE OF OUR MODEL

The reduction relation (—») and the equivalence relation (=) give us an essential property for
semantical value restriction. However, we need to verify some properties before being able
to fix the parameters of our model definitively. There is no problem in adopting (—») as our
reduction relation as it contains (>). Nevertheless, we need to check that our equivalence
relation (=) is a congruence and that it is compatible with (=.). Let us first show that it
is indeed a congruence.

Theorem 5.5.17. Let t,u € A be two terms and p € 8 be a substitution. If we have t = u
then tp = up.

Proof. Letustake iy € N, p, € S and 7ty € TT and prove (tp)pg * 7T, Uio &S (up)py * My Uio’
which can be rewritten as t(pyop) * 71, Uio &S u(pyop) * Ty Uio' We can thus conclude by
definition of t = u using 1i,, the substitution pyop and the stack 7,. O

Theorem 5.5.18. Let v;, v, € A be values,t € A be a term and x € V, be a A-variable. If
v = v, then we have t[x :=v|] = t[x:=v,.

Proof. We are going to prove the contrapositive so we suppose t[x :=v;] # t[x = v,]
and we show v; #£ v,. Let us first assume that neither v; nor v, is equal to O or to a
A-variables. By definition, we know that there 1 € N, 7 € TT and p € 8 such that we have
(thx:=vi)p* 7|, and (t[x :=v,])p * 7 (up to symmetry). As x is bound we can rename
it so that (t[x = v;])p = tplx:=v;p] and (t[x :=v,])p = tplx = v,p]. To finish the proof,
we need to find i, € N, 7ty € TT and p, € 8 such that v,p, * 7t Uio and v,p, * 71, ﬂio (up
to symmetry). We can take iy = i, 7ty = [Ax.tp]mt and p, = p since by definition we have
vip ¥ Ax.tplm »f tplx = vipl ¥ 7|, and v,p * [Ax.tplmt »f tplx = v,p] * 1. Note that
here, it is essential that v;p and v,p are not equal to O or to some A-variable as otherwise
the first reduction steps could not be taken.

It remains to show that v; # v, in the cases where v;, v, or both are equal to o0 or a
A-variable. First, we can assume that v; # v, as otherwise we would immediately get a
contradiction with t[x = v;] # t[x := v,] by reflexivity of (=). As a consequence, we cannot
have vi = v; = o or v; = v, = x € V. Now, in all the other cases we must have v; #_v,
according to Theorems 3.5.39 and 3.5.40 so we get v; Z£ V. O
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Lemma 5.5.19. Let p € AXTT be a process, t € A be a term and a € V, be a term variable.
If we have pla:=1t] |}, for some k € N then there is a blocked process q € AxIT such that
p >* q and either
- q = vxe¢ for some value v € A,
- q = a* 7 for some stack 7 € T1,
- k# 0and q = 9,,, * 7 for some values v, w € A and 7 € TI. Moreover, in this case
we know that v[a :=1] ;7éj wla = 1t] for some j < k.

Proof. If p is non-terminating then so is pl[a:=t] according to Lemma 2.6.44. Since
(>) € (=) this contradicts pla :=t] |, and thus there must be a blocked process q € AxTT
such that p >* q. Using Theorem 2.5.42 we obtain pla:=t] >* q[a :=t], which tells us
that gla:=1] |,. This means that q cannot be stuck, as otherwise g[a := t] would also
be stuck by Lemma 2.6.44 and this would contradict qla:=t] {},. Let us now suppose that
p = 8y, * 7 for some v, w € A and 7 € TI. Since d,,,,, * 7 |, there must be j < k (and
thus k # 0) such that vp ij wp, otherwise we would obtain a contradiction. According to
Lemma 2.6.46 it remains to rule the following forms for q, where b # a.

x.Ly % 7 X* V.7 XH(Cilxd = ty), J* 7

iel

x x [t]7T Ry %7 bxm R0

If q was of one of these forms, then qla :=t] would still be blocked, which would again
contradict qla :=t] U, 0

Lemma 5.5.20. Let uy, u,, t € A be three terms and a € V, be a term variable. For all
k € N, if u; = u, then tla:=u;] = tla:=u,.

Proof. We do a proof by induction on k. If k = 0O then this property exactly corresponds to
Theorem 3.1.7. Let us now take k > 0, suppose u; =, u, and show tla :=u;] = tla:=u,).
By definition, we need to take 7 € TT, p € 8 and show the following.

(tla=wllpxnl, & (tla=ul)pxml,

Since a is bound we are free to rename it so we may assume (tla:=u;])p = tpla = u,p],
(tla:=u,l)p = tpla:=u,p] and a ¢ FV,(7t) U FV,(t;) U FV(t,). By symmetry, we can thus
suppose tpla:=wp]* 7l and show tpla:=wu,pl* |, .

We will now build a sequence (t;, 7t;, li)iel defined in such a way that for all i € I
we have tpla:=u;p] *x m »§ tila:=u;p] * 7;[a:=wp] in 1; steps. We will also require
(1;); _, to be increasing and to have a strictly increasing subsequence. Under this condition
our sequence will be finite. If it was infinite, tp[a = u,p] * 7 would be non-terminating,
and this would contradict tp[a :=1w,p]* 7 |,. As a consequence, our sequence has a finite
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number 1 + 1 of elements (for some n € N), and we can denote it (t;, 7, li)ign' To show
that (1), <n has a strictly increasing subsequence, we will ensure that it does not have three
equal consecutive values.

To define (ty, 7y, ly) we consider the reduction of the process tp * 7. Since we have
(tp * m)[a:=w;p] = tpla:=wl*x {, we can apply Lemma 5.5.19 to obtain a blocked
process p such that tp % 7 >J p. We thus take ty* 71y = p and 1, = j. According to
Theorem 2.5.42 we have (tp * 7t)[a 1= u,p] >J tola = u;p] * 7yla := u,p]. Consequently, we
can deduce that (tp * 71)[a = w;p] »§ tola:=u;p] * myla = u,p] in 1, = j steps.

To define (t; ., 7,1, li;1) We consider the process t; * 7t;. By construction we know
that tpla:=w;p] * T »% tila:=u;p] * mifa:=uyp] in 1; steps. According to Lemma 5.5.19,
t; * 7; can only be of three different shapes.

- If tyx 7y = v x¢ for some v € A, then the sequence ends with n = 1.

- If t; = a then we consider the process t;[a:=w;p] * 71;. By construction we know
(tila=w;pl * ) [a:=1p] |, and Lemma 5.5.19 gives us a blocked process p such that
tila:=w;p] x 7y > p. By Theorem 2.5.42 (ti[a:= w;p] * 7;)[a = w;p] > pla:=u,p],
and hence t;[a:=u,p] * ;la = u;p] »} pla:=u;p] in j steps. We then take as a
definition ti ;% 7ty = p and 1, 4 = ;4.

Now, is it possible to have j = 0? This can only happen when t;[a := u,p] * 7t; is of
one of the three forms of Lemma 5.5.19. It cannot be of the form a * 7t as we assumed
that a does not appear in u;p. If it is of the form v x ¢, then we reached the end of
the sequence with i = n so there is no problem. We only have to be careful when
tila:=u,yp] = 3,,,. In this case, we will make sure that we always have 1; ., > 1, ; (see
the following case).

- If t; = 9,,, for some v, w € A then we know vla:=u;p] # wla:=u;p] for some
m < k. Hence, we have ti[a:=1up] * 7 = 0,(q.cu,plmla=u,o) ¥ T >k VA= 1uyp] * 73
by definition. Moreover, t;[a = w;p] * mi[a = wu;p] —»x via:=u;p] * m;la = u;p] by
definition of (—»y). Since t[a:=w;p] * T »} tila:=u;p] % mila = up] in 1; steps we
get that t[a = u;p] * m »% v[a = u;p] * m;la:=wu,p] in 1;+ 1 steps, and hence we have
(vla:=wp] * 7;)[a = u;p] = vla:=w;p] * 7;la = u,p] Uk-

We now consider the reduction of the process v[a := u;p] * 71;. According to Lemma
5.5.19 there is a blocked process p such that v[a := u;p] % 7t; > p. Using Theorem 2.5.42
we obtain v[a = u;p] * 7;[a :=u;p] > pla:=u;p] from which we can deduce that we
have v[a :=w;p] * 7;[a = u;p] »} pla:=u,plin j steps. We then take t; 1 * ;= p
and 1;.; = 1;+j+1 (and thus 1, 4 > 1;).

Intuitively (t;, 7t;, 11)1@1 mimics the reduction of the process t[a := u,p] * 7t while making
explicit every substitution of a and every reduction of a 5-like state.

To end the proof we will show that for all i < n we have t;[a = u,p] * 7ila:=u,p] |,.
For i = 0 this will give us t[a :=u,p] * 7t |}, which is the expected result. As by construc-
tion t, % 71,, = v x ¢, we have t,[a = u,p] * 7 [a:=u,p] = v[a = u,p] * ¢ from which we
get t,la:=u,pl * 7m,la:=u,pl |,. We now suppose that t; [a:=wup]* 7y i[a:=u,pl |,
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for 0 <1 < n and show that t;[a :=wup] * 7r;[a :=u,p] |,. By construction t; * 7t; can be of
two shapes since only t, % 71,, can be of the form v * ¢.

- If t; = a then we have u;p % 71y % ti,; % 7. As a consequence, Theorem 2.5.42 gives
us w;p * mla = u,pl »y tiglai=u,pl * mila = u,p] from which we can deduce that
we have w;p * 7;[a :=u,p] |, by induction hypothesis. Since 1; =, u, by hypothesis,
we obtain w,p * 7;[a = w,p] = (t;* 7wy)la:=u,p] J,.

- If t; = 0,,, then we have v % 71; - t; 1% 71;,. As a consequence, Theorem 2.5.42 gives
us v[a:=u,p] % m;la = wu,p] »y tiglai=w,pl * m4[a:=u,p]. Using the induction
hypothesis we obtain v[a = u,p] * 7;[a = u,p] Uk. It remains to show that we have
Oyja= ol wla=wye) ¥ TlA = U,p] % vla = u,p] * m;[a = u,p]. We need to find j < k
such that vl[a = u,p] ;—_'Lkw[a = u,p]. By construction, there is m < k such that we
have vla:=w,p] # wla:=u,pl, and we will show v[a :=u,p] # wla:=u,p]. Using
the global induction hypothesis twice, we obtain that v[a = u,p] =,, vla = u,p] and
that wla := u,p] =, wla = u,p]. Now if we suppose v[a:=u,p] =,, wla:=u,p] then
we have via = u,p] =, vla = u,p] =, wla = u,p] =, vla:=u,p], which contradicts
vla:=u;p] # wla:=u,p]. Hence we must have v[a:=u,p] # wla:=u,pl. O

Theorem 5.5.21. Let u;, u,,t € A be three terms and a € V, be a term variable. If u; = u,
then tla:=w] = tla:=u,.

Proof. We suppose that u; = u, which means that u; =; u, for all i € N. We need to

show that t[a :=uy] = tla:=u,] so we take i, € N and show t[a:=u;] =, tla:=u,]. By

hypothesis we have u; =;, u, and hence we can conclude using Lemma 5.5.20. O

Theorem 5.5.22. The relation (=) is a congruence.

Proof. Combination of Theorem 5.5.17, Theorem 5.5.18 and Theorem 5.5.21. O
Now that we have proved (=) to be a congruence, it remains to show that it is

compatible with (=.). Intuitively, this will provide us with sufficient conditions for proving

equivalences based on Chapter 3.

Theorem 5.5.23. For every terms t, u € A such that t = u we have t =, u.

Proof. Immediate by definition. O

Theorem 5.5.24. Let t, u € A be two terms. If for every stack 7t € TT there is a process
p € AXIT such that both t x © >* p and ux 7 >* p, then t = u.
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Proof. By definition, we need to take i, € N, 7ty € TT and p, € 8 and show that we have
tpg * 7T, Uio &S upg * M, Uio' Since (>) C (=»y,), it is enough to find a common reduct of
tpo * 7y and up, * 7, using (>). We consider a renaming substitution o mapping the
variables of FV(r,) to distinct fresh variables. Note that o has an inverse o' mapping o(x)
to x for all x € dom(t). We thus obtain tp, % 7, = (tpy* 7,0)0 ' = (t % 1,0)(pyoo ') and
UPy * Ty = (W 7,0)(pgo o ). By hypothesis, t * 71o0 and w* 71,0 have a common reduct
Po- We can thus use Lemma 2.5.42 to obtain tpy * 1y = (t * 7'[00')(p000'_1) >* po(poo(r'l)
and upy * 7y = (W 7100)(poo0 ') > Po(peoc ). O

Theorem 5.5.25. Let t;,t, € A be two terms such that x € FV(t;) N FV(t,). If there is a term
u € A such that for all terms v € A, and stacks 7t € TT we have t;[x ;== v] x [ulm >* vx 7
and t,[x :=v] % [ulm >* v x 7, and if t[x :=v;] = t;[x = v,] for some values v;, v, € A,
then we have v; = v,.

Proof. Let us take v;, v, € A, such that v; # v, and show that t,[x := v;] # t,[x :=v,|. By
definition thereis i, € N, 71, € TTand p, € 8 such that v,p, * 71, Uio and v,p, * 71, ﬂio (up to
symmetry). We need to find i; € N, 7ty € TT and p; € 8 such that (t;[x = v;])p; ¥ 1 Ui] and
(tolx == vyl)py x M ﬂi{ We consider a renaming substitution o mapping the free variable of
7, to distinct fresh variables, and we denote o' its inverse. We will now show that i, = i,
7, = [ulmyo and p; = pyoo ! are suitable. According to our main hypothesis, we have
tix =wvil xm >* vk w0 and ty[x = v, * 1 >* v, % 1y0. We can thus use Lemma 2.5.42
to obtain (t;[x = vi])pg * [W7y = (ti[x 1= vil * 711)p; >* (v % T140) P = Vipo * T uio’ and
similarly (t,[x = v,])pg % 715 >* v,p4 * 7T, ﬂio. O

Theorem 5.5.26. The relation (=) is compatible with (=..).
Proof. Combination of Theorem 5.5.23, Theorem 5.5.24 and Theorem 5.5.25. O

Now that we have fixed our reduction relation to be (—») and our equivalence to be (=),
the adequacy lemma is still valid. However, we can now extend our type system with the

1 le that imed for.
typmg rule at we aime or 5 | F;E I—V:A

L T;Zhkyv: A

We can thus extend the adequacy lemma provided that our pole I contains only terminat-
ing processes and that o0 x e € 1 (i.e., requirements of Theorem 5.4.15).

Theorem 5.5.27. Let £ be a sorting context, I' be a typing context, = be an equational
context and A € F be a type. Let p be a valuation over L such that p T and p I =.
- If X | T;ZHFt:A isderivable, then tp € [[Ap]]LL.
- If £ |T;=Fm:A" is derivable, then 7p € I[Ap]]L.
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- If £ | T;Z kK, Vv:A is derivable, then vp € [Ap] \ {o}.

Proof. As for Theorems 4.6.48 and 4.7.53, the proof is done by induction of the derivation
of the typing judgments. For all the rules of Figure 4.2 and the rules for typing stacks
given in Theorem 4.7.53 the proof does not change. We only have to be concerned with our
new (|) rule. We need to show vp € [Ap] \ {O}, knowing that vp € [[Ap]]LL by induction
hypothesis. According to Theorem 5.4.15, every value of [[Ap]]LL is also in [Ap]. As a
consequence, it only remains to show vp # 0. In the case where v is a A-abstraction, a
variant or a record this is immediate. If v = x € 'V, then this is also immediate since by
definition p(x) # o for all x € dom(p). Finally, it cannot be that v = O since it cannot
be introduced by any of our typing rules. In particular, it cannot be brought into focus
by rules handling equivalence as this would require replacing a term or a value that was
equivalent to o. However, O is only equivalent to itself according to Theorem 3.5.39.  [J

We have now obtained a model allowing the use of semantical value restriction. We
will see in the next section that the presence of coercion rules between value and terms
judgments will allow us to make the type system a lot simpler by only considering one
form of judgments.

5.6 DERIVED TYPE SYSTEM

Now that our type system contains both the () and the ({) typing rules, it is always possible
to switch between term and value judgments (at least when the subject of the considered
judgment is a value). As a consequence, we will simply forget about the value judgments and
only work using term judgments. The obtained system will be simpler, in particular it will
have less typing rules.

Note that all the typing rules of our new system will be derivable in the current one. As a
consequence, we will not need to go through a new adequacy lemma, nor a modification of
our semantics. In fact, the derivation of our new typing rules will mostly consist in compos-
ing the current typing rules with (7) on the conclusion. For example, we will derive the new
arrow introduction rule .0 as follows.

Zox:u | Mx:A;ZFHt:A

z F;EFVale.t:AéBT
T|IT;ZFAt:A=B

i

As for value judgments appearing in a premise, we will simply precompose them with the
(1) rule. For example, we will derive the new product elimination rule (x. ) as follows.

LT 2 v {(LitAy )
LT 2 kavi{(LitAy) ) kel
X ‘ r;El_V.lk:Ak
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T

Ax
Zyx:u]Mx:A;ZFEx:A

Ax

S,x:0 | a:A 2 a: A"

S a:o0|Na:AZHE:A
LT, ZF pot:A

n

L|T;2Fv:A Z|T;=Fm:B"

I|T;ZFt:A =B
L|T;=Ftu:B

ZIT;ZFu:A
=

e

Z,XZL‘F,X:A;EF’E:B#
LT ZFMt:A =B

SIT:ZFt:A Z\F;EHT:ALH
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Figure 5.3 — Derived typing rules.
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The full set of our new rules is displayed in Figure 5.3. Note that some rules, like
(=,) for example, remain unchanged. All the modified rules but (¥ ) and (€,,) can be
derived immediately as demonstrated above. The rules (V; ) and (€;,,) are instances of the
semantical value restriction. The former can be derived as follows, and a derivation for the
latter was given in a previous section.

Lyx:s|I2ZFt:A ZHEt=v_
L,x:s | T52FviA -
Z,x:s | T2 Valv:Avi
LIT;Zhkyv: VXS.AT
LT 2 Rv:v.A ZHt=v
LIT;Z2Ft:¥.A

T,T

With our new set of typing rules, it is very easy to derive introduction and elimination
rules for the dependent product type. Using the (€; ) rule, semantical value restriction is
immediately propagated to the elimination rules of the dependent product type.

Z,X:LIF,X:XGA;EI—t:B[a:X]”
L|T;ZFAt:TT, 2B

L

LT, ZFt:MeaB XT3 ZFuUu:A El—uzvIT
| ZFtu: Bla=1]

Zyox:t|yx:x€A;ZHt:Bla:=x
Yoa:t,x:t| x:x€A; ZFt:Bla:=x]
YSoa:T,x:t | x:x€EA;Z,x=a bk t:Bla:
Z,aIT,XZL‘r,X:aEA;E,XEal—tiBe
Z,G_ZT,X:L|r,X:A;E,XEal—tZBE
Z,a:T,x:LIF,x:aEA;EI—t:B% .
Y,a:T| T ZFAt:acA=B EI—?\X.‘[EAx.tvi
2| T;ZFAt:Va.(acA = B)

LT, ZFAt:Tl,cAB

Wk

Wk — T
x] =, %

1l

o

-

x

Il

o
I

e

e

Def

Z|T;ZFt:MeAB Def
Y| T2 Ft:Va.(aeA = B) " I ZFu:A El—uzv%
| ZFt:ueA = Bla:=u] ZIF;EI—u:ueAﬁ
| Z2Ftuw: Bla=1u] ’
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Remark 5.6.28. Dually, it is possible to encode a form of dependent pair type using exis-
tential quantification and product types. As for the dependent functions, the membership
predicate is used to bridge the world of terms and the world of types.

Z.eaB = Ixfl;: x€A;L,: B} Y.eaB i=3Ja{ly:a€A;l,: B}

As dependent pair types are based on records (which can only contain values in our system),
their use is rather limited. It seems however possible to rely on a dependent product type
to obtain satisfactory typing rules based on terms of the following form.

(AxAy{L=x;LL =y} t; t;
57 UNDERSTANDING OUR NEW EQUIVALENCE

To better understand our new definition of equivalence, we can compare it to another
equivalence relation with a more intuitive definition. The definition of this new relation,
denoted (=.,), will be very similar to that of (=,) (see Chapter 3). It can be seen as the
observational equivalence induced by (-»)

Definition 5.7.29. The relation (=) C AXA is defined as follows.
(=) = {(t, u) | Vrell,vpes§,tp k] & up*ﬂll_»}
Lemma 5.7.30. The relation (=_,) C AxA is an equivalence relation.
Proof. Immediate. 0

Theorem 5.7.31. If t,u € A are two terms such that t = u then t =_, u. In other words,
we have (=) C (=)

Proof. Let us suppose that t = u, take m, € IT and take p, € 8. By symmetry we can
assume that tp, * 7y | and show that up, * 7y . By definition there is i, € N such
that tp, * 71, Uig Since t = u we know that for all i € N, mw € TT and p € 8§ we have
to* |, & wo 7. This is true in particular for i = i,, T = 7y and p = p,. We hence
obtain up, * 7, Uiowhich give us upg * 7o | . O

Remark 5.7.32. The converse implication is not true in general, that is we do not have
(=) 2 (=.,). A counter-example is given by the terms t = 8,,,, and u = Ax.x since
t =, ubutt # u (and thus t # u). More generally, if p, g € AXTT are processes, having
pl, = ql does not always imply pl}, = q, for every natural number i € N.
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As shown by the Theorem 5.7.31, our (=) relation is more fine-grained (i.e., it discriminates
more terms than (=_,)). However, its formulation does not really provide more intuition
on the behaviour of our equivalence relation. Indeed, the definition of (-») still involves
(=), an thus the definition of (=.,) is still very subtle, even if its statement remains
relatively simple.

In the end, what really matters to us is for our equivalence relation to be compatible
with the notion of reduction. And in fact, the only part of the reduction relation that will
matter in practice is (>). Indeed, 5-like terms are only provided in the system for obtaining
a well-behaved semantics. In particular, we do not want to expose them to the users of our
implementation. It is thus enough for (=) to be compatible with (=.).

Remark 5.7.33. Allowing the user to work with and reason about 6-like terms would not be
such a bad idea. Indeed, it could allow the encoding of mathematical objects into pure terms
of the language. In particular, it would be interesting to investigate the possibility of using
the following alternative reduction rules for -like processes.

dywxm > Col{flxm when v £ w
dywxm > Gllxm when v =w

They would allow the definition of non-computable functions in our language by giving

complete access to our equivalence relation. This would allow, for example, the definition
of functions like Ax.Ay.0,, (i.e., a general equality function).
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6 INTRODUCING SUBTYPING
INTO THE SYSTEM

In this chapter, we reformulate the definition of our system to account for subtyping.
The main idea is to transform the typing rules that do not have algorithmic contents into
subtyping rules. For instance, quantifiers, fixpoints, membership types and equality types
will be handled using subtyping.

6.1 INTERESTS OF SUBTYPING

There is no denying that polymorphism and type abstraction are essential features for
programming in a generic way. They lead to programs that are shorter, more modular,
easier to understand and hence more reliable. Although subtyping provides similar perspec-
tives, it is considerably less widespread among programming languages. Practical languages
only rely on limited forms of subtyping for their module system [MacQueen 1984], or for the
use of polymorphic variants [Garrigue 1998]. Overall, subtyping is useful for both product
types (e.g., records or modules) and sum types (e.g., polymorphic variants). It provides
canonical injections between a type and its subtypes. For example, the natural numbers may
be defined as a subtype of the integers.

The downside of subtyping is that it is difficult to incorporate in complex systems like
Haskell or OCaml. For example, OCaml provides polymorphic variants [Garrigue 1998] for
which complex annotated types are inferred. For instance, one would expect the following
OCaml function to be given the type ['T | "F] — ['T | “Fl.

let neg = function 'T — "F | 'F —» T
Indeed, the variance of the arrow type conveys enough information: neg can be applied

to elements of any subtype of ['T | “F] (e.g., ['T]) and produces elements of any super-
type of ['T | "F1 (e.g. ['T | “F | "M]). OCaml infers the type [<'T | "F] — [>T |
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F] in which subtypes and supertypes are explicitly tagged. This is not very natural and
hides a complex mechanism involving polymorphic type variables. More discussion on
the limitations of OCaml's polymorphic variants, can be found in [Castagna 2016], for
example.

In this thesis, we will show that it is possible to design a practical type system based
on subtyping for our language. It allows for a rather straight-forward implementation
following the typing and subtyping rules that will be given in the following sections.
In particular, the typing and subtyping procedures are directed by the syntax of terms
and types respectively. The ideas presented here were introduced in a joint work with
Christophe Raffalli [Lepigre 2017].

6.2, SYMBOLIC WITNESSES AND LOCAL SUBTYPING

Several related technical innovations are required to include subtyping into our system. In
particular, we will need to generalise the usual subtyping relation A C B (meaning “A is a
subtype of B”) using a local subtyping relation t € A C B. It will be interpreted as “if t has
type A then it also has type B”. Usual subtyping is then recovered using choice operators
inspired from Hilbert's Epsilon and Tau functions [Hilbert 1934]. In our system, the choice
operator €,.(t ¢ B) denotes a value v of type A such that t[x := v] does not have type B.
If no such term exists, then an arbitrary term of type A can be chosen. We can then take
exea(x € B) € A C B as a definition of A C B.

Remark 6.2.1. Of course, for the choice operator €, .5 (t & B) to be well-defined we will need
the interpretation of every type to be non-empty. It is the case in [Lepigre 2017] as the model
is based on Girard's reducibility candidates [Girard 1972, Girard 1989]. Here, we will use the
special value O as it is contained in the interpretation of all types by construction. This is its
very purpose.

Choice operators can be used to replace the notion of free variables, and hence suppress
the need for typing contexts. The contexts will then be limited to an equational context
containing closed terms. Intuitively, £, .A(t ¢ B) denotes a counterexample to the fact that
Ax.t has type A = B. Consequently, we will use the following rule for typing A-abstractions.

Zhtlx=eca(t¢B)]: B
ZTHEMt:A=B

It can be read as a proof by contradiction as its premise is only valid when there is no value
v of type A such that t[x := v] does not have type B. The axiom rule is then replaced by the
following typing rule for choice operators.

ZhecaltéB) A
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Obviously, the same trick can be used for p-variables and p-abstractions. As choice opera-
tors for values, choice operators for stacks will always need to be interpreted (even if there
is no stack satisfying the property they carry). As a consequence, we will need to make sure
that the set of stacks associated to each type contains at least one element.

The use of choice operators and the elimination of typing contexts will play an essential
role in the definition of our type system. Indeed, they will allow us to handle quantifiers
using our local subtyping relation only. As a consequence, we will work with syntax-
directed typing rules and most of the work will be done using subtyping. We will thus
introduce two new type constructors ex(t € A) and ex(t ¢ A) corresponding to choice
operators for picking a type satisfying the denoted properties. For example, ex(t ¢ B) is
a type such that the term t does not have type B[X:=ex(t ¢ B)]. Intuitively, ex(t ¢ B)
is a counter-example to the judgment “t has type VX.B”. Hence, to show that t has type
VX.B it will be enough to show that it has type B[X = ¢ex(t € B)]. As a consequence, the
introduction rule for the universal quantifier is subsumed by the following local subtyping

rule. _ _
ZTHte ACBXi=¢e(t¢B)] ZHt=vw

ZSHte ACVXB

Note that it includes a premise stating that the term t carried by the judgments should be
equivalent to a value. This corresponds to the semantical value restriction condition in our
new system with subtyping.

In conjunction with local subtyping, choice operators allow the derivation of many valid
permutations of quantifiers and connectives. For example, subtyping relations like

YX.VY.A C YY.VX.A {1;: VX.A;1,: VX.B} € VX{l,: A;1,: B}

can be easily obtained thanks to our syntax-directed subtyping rules. In particular, they
do not include a transitivity rule, and this is a good thing since such a rule could not be
implemented. Indeed, it would require the system to guess an intermediate type. Transi-
tivity is generally admissible in subtyping systems. In our system however, it is an open
problem whether a form of transitivity is admissible. However, type annotations of the form
((t: A): B) : C can always be used to decompose a proof of t: C into proofs of t: A,
t€ ACBandteB CC. Such annotations are also required in the implementations of
systems having a transitivity rule. Indeed, without annotations the system would need to
guess the intermediate types A and B.

6.3 TYPING AND SUBTYPING RULES

We will now give the formal definition of our new type system with subtyping. We will
reuse some of the formalism given in Chapter 4, but modifications will be required. For
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instance, we will need to extend the language of values, stacks and formulas to include
choice operators.

Definition 6.3.2. We extend the language of formulas I with new constructors ¢, . (t € A)
and &, ((t € A) representing choice operators. They will be made available in the syntax,
and will provide an alternative presentation of quantifiers. Note that our system needs to
be extended with the following two sorting rules.

YHt:t LZ,x:sFA:o0 YHt:1t X,x:sFA:o0
LEeg(teA):s e (tgA):s

To introduce value and stack witnesses into our system, we will need to make a
distinction between values, terms, stacks and formulas that may contain value and stack
witnesses and those that may not.

Definition 6.3.3. We extend the syntax of values with a new constructor €, 5(t ¢ B), where
x € V, is a A-variables, t € A isaterm and A, B € J are propositions. Similarly, the syntax
of stacks is extended with a new constructor €, ._,(t ¢ A), where & € V), is a p-variable,
t € Aisatermand A € JF is a proposition. Note that our system needs to be extended with
the following two sorting rules.

X:tFA:0 x:tFHt:T x:tFB:o x:0FA:0 «a:o0obFt:T
L ecaltéB):t L Feqen(tgA):o

It is important to note that no other variable than x may be bound in A, t or B in the first
rule. Similarly, only o can be bound in t and B in the second one. These restrictions are
required for the definition of our semantics.

Definition 6.3.4. We will refer to values, terms and stacks that may contain value and stack
witnesses as raw values, raw terms and raw stacks. The corresponding sets will be denoted
AL, A" and TT" respectively.

Before going into our new typing and subtyping rules, we will extend the syntax of
formulas one more time. Indeed, our current system (and its semantics) does not allow for
all the basic subtyping relations that we could hope for. For instance, if I; C I, then it is
possible to show that [(C;: Ai)ia]] is a subtype of [(Ci:Ai)ieIZ] in the system. However,
the corresponding relation on product types is not satisfied by our semantics. Intuitively,
the elements of the type {(1;: Ai)iel} must be of the form {(1; = Vi)iel}‘ In particular, they
cannot have additional record fields. One solution to this problem would be to amend the
semantics of product types. Instead, we will keep our original, strict product type, and intro-

duce another extensible product type.
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Definition 6.3.5. The syntax of formulas F is extended with an extensible product type
constructors {(1;: A;) --}. Our system again requires a new sorting rule.
{ZHA;: o}.leI
EE{i:AY, 50

ie

iel?”

We will now give the new typing and subtyping rules of our system, which will contain
three (and in fact four) new forms of judgments.

Definition 6.3.6. A general typing judgment is a triple of an equational context =, a raw
term t € A" and a formula A € J that is denoted = It : A. A general stack judgment is a
triple of an equational context =, a raw stack 7t € TT"and a formula A € J that is denoted
= bt —A. A pointed subtyping judgment is a quadruple of an equational context =, a raw
term t € A" and two formulas A, B € F that is denoted = +t € A C B. We will use the
notation = - A C B when the term t is equal to €,.(x & B).

To keep track of the special value O in our judgments, we will use inequalities of the
form v # 0. They will be defined in terms of an equivalence, so we do not need to extend
our definitions formally.

Definition 6.3.7. Given a closed value v € A’ we will use the notation v # o for the
syntactic equivalence (Ax.{}) v = {} in equational contexts.

As shown by the following lemma, this notation provides the right intuition as it agrees
with the semantics.

Lemma 6.3.8. Given a closed value v € A’ we have (Ax.{}) v = {} if and only if v is
different from o.

Proof. Let us first assume that v # o0 and show (Ax.{}) v = {}. Since v is closed, it cannot
be a A-variable and so we can conclude immediately using Theorem 3.3.16. For the other
direction we show the contrapositive so we assume v = O and we show (Ax.{}) v # {}.
According to Theorem 3.3.17 we have (Ax.{}) o0 = o and so it is enough to show o # {}.
This follows from Theorem 3.5.39. O

Definition 6.3.9. A general typing judgment, general stack judgment or pointed subtyping
judgment is said to be valid if it can be derived using the rules of Figures 6.4 and 6.5.

There is nothing too surprising about our new typing rules. Note however that, in the

case where our equivalence decision procedure is unable to prove a premise of the form
Z v =t in a local subtyping rule, one can always fallback to the (Gen) rule.
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THEMXteA=BCC E,exeA(tgéB)#Dl—t[x::zzxe/\(tgéB)]:Bé_
ZHMt:C '
ZhecaltgB)eACC EkaxeA(th)#DAx
ZheealtégB): C
ZHt:A=B EI—u:A:> ZHt:ueA=B ZhFu:A EI—\)ELL:>
ZHtu:B ’ ZHtu:B o
EFt[oc:z&me_;\(tgéA)]:Au ZFu:A EFN:—'A[_] ZFBCA .
Zhupot: A ZkH[mu:B =k egen(t¢A):—B
ZEv:A Zkm:-B ZFECCA=SB ZFt:A=B E}—n:ﬁB[_]_
Z=Fv.mt:—C =k tm:—A
Zkv: {1k:A;---}X EHE{Li=v) Jel{lli:A), JcC (2w Ai)ielx_
ZTEVl A SHE{Li=v):C
EEv:i[(Cit Ay (E Ftilxi = exenroxg=v(ti € C) : C)i€I+
= = WI(Cilxid Hti)iﬂ] :C
EFv:iA EFGMEe[GAICB
S G B ‘

Figure 6.4 — Typing rules for terms and stacks.

64 SEMANTICS OF SUBTYPING

We will now adapt our model to work with our new typing and subtyping rules. The
main problem that we need to solve is the interpretation of raw terms, values and stacks.
In particular, we need to provide an interpretation to our choice operators. In [Lepigre 2017],
the choice operator €, (t ¢ B) is interpreted using a value v € [A] such that t[x ;= v] is in
the semantics of B. In the case where no such value exists, an arbitrary member of [A] is
chosen. Here, a crucial point is that the set [ A ] should not be empty. It is the case here as
by construction we have o € [A] for every proposition A. This special value o0 will thus be
understood as an undefined value witness.
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;,W#DFWGAZHCA1 =, w#*oktweB;CB, ;thvé W=t onft x2By)
;}_tEA1:>B]CA2:>BZ
Lo (EFMWXIC]—ox])teACBy),,, ZFt=v
L +
ZkHte [(Ci:Ai)iEIJ - [(Ci:Bi)iGIZ]
(ZFMxl)teA;CBy), , Zht= v (ZFplx) = pZ(X))XeFVWAXC
- kte {(li:Ai)iEI} C {(li:Bi)iel} Zkt: Ap] - Apz
L c (EF(?\X.X.li)teAiCBi)iGI Zhkt=v “-ACB
2 Xext —_—— Gen
Zkte {(li:Ai)ieI];m} c {(1;: Bi)ielz;m} ZHt:ACB
Lcl, (EFMxl)teA, C Bi)ielz Zkht=v
Zhte (LA ) LB ;) ‘
E)—teA[x::C}CBv ZHteACBIxi=¢.(t¢B)] E}—vztv
SFtevACB THtecACVYy.B '
EFteAcB[X:C]3 ZHteAlx=¢.(tcA)JCB El—tzv3
SHteACICB S+teIx.ACB
S, = FteACB ZkEv=t ZHFteACB ZFu =u,
SFteAly=u,CB ! SFteACBlwy=u,
Z,t=ukFteACB Ektzve ZHFteACB ZFHt=u Ektzve
SHtecucACB ‘ SHteACucB '

Figure 6.5 — Local subtyping rules.

Lemma 6.4.10. Let p € AXIT be a process such that o ¢ p. If there is q € AXIT such
that p - q then o ¢ q.

Proof. Most reduction rules of (—») only build a new process using components of the
process p being evaluated. Hence, they cannot make o appear it was not already present in
p- The remaining rules are related to binders, and obviously if t, v and 7t do not contain o,
then neither do t[x :=v] or t[« := 7. O

Similarly, if a variable does not appear in a process then it cannot appear during reduction.
In particular, the evaluation of a closed process never produces an open process.
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In the semantics, raw values, raw terms and raw stacks will be interpreted using values,
terms and stacks with the same structure. The underlying choice operators will thus be
replaced by elements of the corresponding syntactic category.

Definition 6.4.11. Given a raw value v € A’ (resp. raw term t € A raw stack T € TT), we
denote [v] € A, (resp. [t] € A, [7t] € TT) its semantical interpretation. It is defined induc-
tively as follows.

[x] = x [itl7] = [Mthl7]
[Ax.t] = Ax.[t] [fti=v), 3] = (=D,
[CvT = CIIVI lexea(t €B)] = v € [AK:=vII\{o} | [tix:=vI] ¢ [B]""
[cl = o [exea(t €B)] = o otherwise
[a] = a [net] = pecftl
[t ul = [t] [ul [7t] = [M=Dlt]
[vid = VI [mi(Cilxd—t), ]| = DVIHCx] = [t )
[V d = Y [8v ] = dppw
[Ry:] = Rpvppa [e] = ¢
[o] = « leae At A)] = e [Alax:=m]" | [tlx:=n] ¢ [B]
[v.nl = [v].[=] [exc-a(t € A)] = [o]e otherwise

It is important to note that, from now on, raw values, raw terms and raw stacks
may appear in types of any sort. However, up to the interpretation of such raw syntactic
elements, the semantics of our types will remain the same as in Chapter 4. Indeed, we will
consider that a raw value, raw term or raw stack is equal to its interpretation (and thus to
a value, term and stack respectively). We will however need to account for witnesses of
the form ¢, ((t € A) and e, {(t £ A) in their semantical interpretation. Intuitively, these
witnesses will be understood as formulas of the corresponding sort satisfying the denoted

property.

Definition 6.4.12. We extend the definition of the interpretation of types (Definition 4.5.42)
in such a way that:

- [e,.s(t € A)T = & such that ® € [s] and, if possible, [t] € [Alx:= ®I]",

- eyt ¢ A)] = & such that ® € [s] and, if possible, [t] ¢ [Alx = 1]
Note that for every sort s € 8 it is easy to see that [s]] # @. As a consequence, the
interpretation of a type is always well-defined.
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Remark 6.4.13. Although this is not explicitly mentioned, the interpretation of our choice
operators should be compatible with the definition of (=). For instance, if [t] = [u] then
we require e, a(t & B)] = [e ca(u & B)] (and similarly for the other forms of choice
operators). This is possible since [t[x:=V]] € IIB]]LL if and only if [ulx:=v]] € [[B]]LL
as the interpretation of our types is closed under (=). Note that this means that we will
also have [e,cA(t ¢ B)] = o if and only if [e,.a(u & B)] = o since the interpretation of
our types is closed under (=).

Definition 6.4.14. We also extend Definition 4.5.42 with an interpretation for the extensible
product type. It is defined as follows.

[t:Ag, -] = fli=v), J11SKAviel, vie [Ad\ (o} uio)

We will now give the interpretation of our different forms of judgments in the seman-
tics, and prove the adequacy of the semantics with respect to the typing rules given in
Figures 6.4 and 6.5.

Definition 6.4.15. Let t € A" be a raw term, 7t € TT" be a raw stack and A, B € F be two
types. We will write t I A if [t] € IIA]]LL, ik Aif [] € I[AIIL andt-rACBiftr A
implies t I B.

Lemma 6.4.16. Let A, B € F be two types such that ¢,.5(x ¢ B) F A C B. In this case
we have [A] C [B].

Proof. We proceed by case on the definition of v = [eyca(x ¢ B)]. If v # O then we
have v € [A] and v ¢ [[B]]LJ‘. This is a contradiction since v ¢ [B] by Theorem 4.5.29. If
v = o then for all w € [A] \{a} we have w ¢ [[B]]LL and w € [B] thanks to Theorem
5.4.15. Moreover, 0 € [A] and o € [B] so we indeed have [A] C [B]. O

Theorem 6.4.17. Let = be an equational context, A, B € J be closed types and t € A
be a raw term. If for all (t;,t,) € = the equivalence [t;] = [t,] holds then we have
the following.

- If ZF+t:A is valid then we have t I A. Moreover, if t is a value then [t] # o.

- If Z Fm:—A is valid then we have 7 I+ A.

- If Z+te A C Bisvalid then we have t I A C B.

Proof. We do a proof by induction on the structure of the proof of = -t : A, the proof

of Z F m:—A and the proof of = -t € A C B respectively. We consider the last rules
used in the proof.

113



- In the case of the (=) rule, we need to show that Ax.t i C. According to the first
induction hypothesis, it is enough to show Ax.t I A = B. Let us now suppose that there
is a value v € [A]\ {0} such that [tlx:=v]] ¢ IIB]]LL. In this case we get a contra-
diction with our induction hypothesis since we must have [e,.A(x ¢ B)] # o0 and
[thx =€ ca(x € B ¢ I[B]]LL. As a consequence, we know that [t[x =v]] € [[B]]LL for
all v € [A]\ {o}, which exactly means that [Ax.t] € [A = B]. We can thus conclude
using Theorem 4.5.29.

SEMMIteA=SBCC Z,e,a(t€B) Ao tixi=e,ca(t€B)]: B
Mt C

=

- In the case of the (=,) rule, we need to show that t u I B, which is the same as
[t] [w] € [B]- L We thus take 7 € [[B]] and we show that [t] [u] x = E 1L Since
1L is (—»)-saturated, it is enough to show [u] * [[t]l7 € 1. As [u] € I[A]] by our
second induction hypothesis, we will prove that [[t]]7 € [[A]]L. We thus take v € [A]
and show that we have v * [[t]lzr € L. If v = O then we have o * [[t]]t - o%* m and
since 1L is (-»)-saturated it is enough to show O * 7t € 1, which is immediate since
T E [[B]]L and 0 € [B]. Now, if v # o then v x [[t]lt - [t] *v.m and as 1L is (-»)-
saturated it is enough to show [t] x v.m € 1. Since [t] € [A = B]]li according
to the first induction hypothesis, we only have to show that v.m € [A = B]" so we
take w € [A = B] and show that wxv.m e L. If w=notheno*xv.m - O%m
and it is enough to show O % 7 € 1 as I is (-»)-saturated. This is immediate since
T E [[B]]L and o € [B]. If w = Ax.f then Ax.fxv.7t —» f[x:=v]* 7 and it is enough
to show flx:=v]* 7 € 1 since 1 is (-»)-saturated. As 7t € [[B]]l it only remains to
show flx:=v] € [[B]]LL, but this is true by definition of [A = B] since v € [A]\ {o}.

ZHFt:A=B El—u:/\é
ZFHtu:B ‘

- In the case of the (Ax) rule, we need to €, (t ¢ B) I+ C. Using the induction hypothesis,
it is enough to show €,.,(t ¢ B) Ik A. Moreover, according to Lemma 4.5.29 we only
need to prove [e,.A(t ¢ B)] € [A], which follows by definition since o € [A]. More-
over, we obtain [e,.A(t € B)] # o using the right premise with Lemma 6.3.8.

SheealtédB) e ACC Z e caltgB) # =
ZheealtégB): C

- In the case of the S rule, we need to show that t u I B, which is the same as
[t] [ul € I[BIIJ'L We thus take 7 € IIB]] and we show [[t] [u] * 7w € 1. Since 1L
is (-»)-saturated, it is enough to show [u]  [[t]lt € 1. Now, as our pole is (=)-
extensional and we know that [u] = [v] for a value v, it is enough to show that
[vl * [tz € 1. If [v] = o then we can conclude as for the (=,) rule and otherw1se
we can show [t] * [v].7 € I as 1 is (—»)-saturated. As [t] € [ucA = B]"
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our first induction hypothesis, we only need to show [v] .7 € [ueA = B]]L. We thus
take a value w € [u€eA = B] and show wx[v] .7 € L. If w = 0 then we can
conclude as for the (=,) rule. If w = Ax.f then we can again take a reduction step
and show that f[x := [v]] ¥ 7t € 1, for which it is enough to show f[x :=[v]] € [B]. To
conclude using the definition of [u€A = B] we need to show [v] € [ueA]\ {o}.
Since we have [v] # o and [u] = [v]l we only need to show [v] € [A]. Using
Theorem 5.4.15 it is enough to show [v] € [[A]]LL, which follows from Theorem 4.5.35
as [u] € I[A]]Ll by our second induction hypothesis since [u] = [v].

ZHFt:ueA=B ZFu:A E}—vzuﬁ
ZHtu:B

In the case of the (u) rule, we need to show that po.t - A, which is the same as
e t] € I[A]]LL. We thus take 7t € I[A]]L and show po.[[t] * T € 1. Since 1 is (—»)-
saturated, it is enough to show [t][ec:= 7] ¥ m = [tlx:=7]] * w € L. and as € [[A]]L
we only need to show [t[x :=nl] € I[A]]LL. Let us now suppose that there is a stack
£ € [A]" such that [tle = &]] ¢ [A]"" In this case we can assume that we have
& = [eqe—a(t ¢ A)] but this contradicts the induction hypothesis which tells us that
[tloe :=eqe-n(t €A € [[A]]LL. As a consequence, we have [tlax = &]] € [[A]]LL for
all § € I[A]]l. In particular, this is true for & = .

S htlai=eqen(tEA) DA .
Sk pt: A

In the case of the ([-]) rule, we need to show that [mlu + B, which is the same as
M=Mlul € ][B]]LL. We thus take & € [[B]]L and show that [[t]l[u] *& € 1. As 1 is
(—»)-saturated, it is enough to show [u] * [7t] € 1 but this is immediate since we have
[u] [[A]]J'J' and [[«] € I[A]]L by induction hypothesis.

ZFu:A El—rt:—-A[_]
ZkF[mu:B

In the case of the (Ax™) rule, we need to show that €xc—al(t € A) Ik B, which is the same
as [eqc-n(t £ A)] € [BI": By induction hypothesis, we know that e, .g(x € A) F B C A
and thus we can apply Lemma 6.4.16 to get [B]] C [A]. Using Lemma 4.5.30 we then
obtain [[A]]L C [[B]]L and thus it is enough to show [e c_A(t ¢ A)] € [[A]]L. We now
reason by case on the definition of [e,c_a(t & A)]. It is either defined to be a stack in
T e [[A]]L (with some properties) in which case we can conclude immediately, or it is
defined to be the stack [O]¢. In this second case we take v € [A] and show v x [O]e € 1.
If v = 0 then we have o0 % [OJ¢e -» O % ¢ and otherwise we have v [OJe -» Oxv.
¢ - Ox*¢. We can then conclude since I is (—»)-saturated and o* ¢ € 1.

Z—FBCA
= l_eoce—‘A(tgA) :—B
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- In the case of the (—+-) rule, we need to show that v.7 I+ C, which is the same as
vI.0[=] € [[C]]L. Using Lemmas 4.5.30 and 6.4.16 with the third induction hypothesis
we have [A = B]]L C [[C]]L. It is hence enough to show [v].[n] € [A = B]]L, )
we take w € [A = B] and show w * [v] . [n] € 1. If w = O then it is enough to
show 0 * [7t] € I as I is (—»)-saturated. This is immediate since [7t] € [B]" by the
second induction hypothesis and o € [B]. If w = Ax.f then it is enough to show that
flx :=[vl] * [7c] € 1 as (—»)-saturated. Using the second induction hypothesis, we only
need to show flx :=[[v]] € ][B]]LL. As [[v] € IIA]]LL and [v] # o by our first induction
hypothesis conclude by definition of [A = B] using Theorem 5.4.15.

ZFv:iA EFn:—-B ZFCCA=B
ZFkv.m:—C

- In the case of the ([-]9 rule, we need to show that [t]7t A, which is the same as
MtII~=] € I[A]]l. We thus take v € [A] and show v * [[t]l[®] € L. If v =10 we
have o * [[tl[7t] - o * [7] and since 1 is (—»)-saturated we only need to show
o % [7t] € 1. This is immediate as [7] € I[B]]J' by our second induction hypothesis
and o0 € [B]. If v # o then we have v x [[t]][7] - [t]*v.[x] and since 1 is (=»)-
saturated, it is enough to show [t] * v.[rt]] € 1. By the first induction hypothesis we
have [t] € [A = B]]LL so we only need to show v. [n] € [A = B]]l. This can be done

as in the proof of the previous case. _
“HFt:A=B = |—7T:_'B[_]_

=t —A

- In the case of the (x,) rule, we need to show that v.l, + A, which is the same as
[vl.l, € I[A]]li. We thus take 7w € [[A]]L and show that [v].l, * 7t € 1. By induction
hypothesis, we know that [v] € I[{lk:A;---}]]Ll and that [v] # o. Moreover, using
Theorem 5.4.15 we obtain [v] € [{l: A;--}] and thus [v] = {(1;= wy), g withk €1
and vy € [A]. As a consequence we only need to prove wy x 7t € I since 1L is (-»)-
saturated. This is immediate as w, € [A] and 7t € [A]:

= }—v:{lk:/\;---}X
Z vl A :

- In the case of the (x;) rule, we need to show {(1; = v; W, } I- C. Using the first induction
hypothesis, it is enough to show that {(1; = [v;]), } € |[{ it Aj) }]] By definition,
we need to show that [v;] € [A;]\{o} for all i e I This follows by Theorem 5.4.15
using the induction hypotheses.

ZE(=w ) ellA) JCC (ErviiA),
= H{= 1:C

- In the case of the (+,) rule we need to show [v| (Ci[x] — t;) ier } I C, Whlch is the same
as [[vDl (Cilxyd — [t IIC]] L We thus take a stack T e I[C]] and show that

)1€I

IEI
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[[vl| (Cilxi] — [[ti]]) ter ] *x 7 € IL. Using the first induction hypothesis (together with
Theorem 5.4.15) we learn that [v] € |[ (Ci:AY) ]I and that [v] # o. As a consequence,
[v] = Cylw,] for some k €I and w, € I[A ]]\{ }. As 1 is (—»)-saturated we only
need to show [t,[lxy:=w] * m = [t [x,:=w ] * 7 € L. Let us assume that it is
false and find a contradiction. Since wy, € [A;]\{g} and [v] = Ci[w,] we have
wy € [A;T Ciw ] = v\ {o}. As a consequence [[ExkeAer[xk]zv(tk ¢ C)]] #+ O since wy
is a possible definition for the witness. This contradicts the induction hypothesis since
it implies [[tk[xk =&y earc)=v(tk € C)}]I ¢ [c1r-=-
ZEv:[(CiAy, (zkthgzgemm%54n¢cn:clg
ZF V(G —t)_]: C -

In the case of the (+;) rule, we need to show Cy[v] I B. Using the second induction
hypothesis and Lemma 4.5.29, it is enough to show C[[v]] € [[Cy : Al]. By definition,
it is enough to show [v] € [A]\ {T} which follows from the first induction hypothesis
and Theorem 5.4.15.

ZTHEv:A ZFChe [Ck:A]CB+v
=G :B )

In the case of the (Ax.) rule, we need to show t - Ap; C Ap,. It is enough to show
[Ap;] = [Ap,] since in this case we will have I[Ap]]]LL = I[Apz]]li which implies
our goal. For every A-variable or term variable x € FV(A) we have [p(x)] = [p2x)]-
As a consequence, we can conclude with a simple proof by induction using Theorems
5.5.18 and 5.5.21 to substitute one variable at a time.

(E l_ p1(X) = pz(X))xeFV(A)
ZEt:Apy CAp;

In the case of the (Gen) rule, we need to show that t I+ A C B. Using the induction
hypothesis with Lemma 6.4.16 we obtain [A] C [B], and we can thus conclude using

Lemma 4.5.32.
ZHFACB

—Gen
Z—HFt:ACB

In the case of the (=) rule, we need to show that t F A; = B; C A, = B,. We thus
assume [[t] € [A; = B]]]Ll and show that we have [t] € [A, = Bz]]LL. Now, as 1L is
(=)-extensional and [v] = [t] for some value v, we know that [v] € [A; = B]]]LL
and we only have to show that [v] € [A;, = Bz]]LL. With Theorem 5.4.15 we even
have [v] € [A; = B;] and we can show [v] € [A, = B,]. If [v] = o then this
is immediate as we have o € [A, = B,] by definition. Let us now suppose that
[v] = Ax.f and that for all w € [A;] \ {g} we have f[x:=w] € [[B]]]LJ'. If we have
[tlw e [[Bz]]LL for all w € [A,]\ {0} then, since we have [t] = Ax.f, we can use
Theorems 4.5.35 and 5.5.21 to get (Ax.f) w € I[BZ]]LL. We can then use Theorem 3.3.16
to obtain f[x :=w] € I[Bz]]LL for the same reason. This exactly means that we have
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[vl = Ax.f € [A, = B,]. Finally, let us suppose that [t] w ¢ [[Bz]]LL for some value
w € [A,]\ {o}. We can assume that w = [[sxeAz(t X ¢ Bz)]] and thus the first induction
hypothesis gives us w € [A;]. We then obtain that f[x := w] € [B,]"" by definition of
[A; = B;]. Now, using again Theorems 3.3.16 and 5.5.21 we obtain f[x :=w] = [t] w
and thus we get a contradiction with the second induction hypothesis.

S, wHtokFweA, CA; ZT,w#okHtweB;CB, Zkt=v
ZHteA =B, CA,; =B,

S w=e,cp,(t x¢B))
In the case of the () rule, we need to show t I+ [(Ci:Ai)iell] - [(Ci:Bi)iGIZ]' As in
the case of the (=) rule, we know that [t]] = [v] so we can assume that we have
[vl e |[[(Ci : Ai)ieh]]l and show that [[v] € [[[(C-l : Bi)ielz]]]' If [v]l = o then the proof is
trivial as for the (=) rule. As a consequence, we may assume that [v]] = C,[w] for some
k €I, and w € [A ]\ {g}. Thus, we only need to show that w € [B,]. Let us now
consider the term [(Ax.[x|Cylx] — xil) t] = (Ax.[x| Cilxi] — x4]) [t]. As we have
[t] = [v] = Ciw], we know (Ax.[x| Cilxi ] — xi]) [t] = (Ax.[x| Cilxi] — %) Cilwl.
Using Theorems 3.3.16 and 3.3.15 we even obtain (Ax.[x | Cy[x] — x4]) [t] = w. We can
hence conclude using the induction hypothesis, the (=)-extensionality of the pole and
Theorem 5.4.15.

Lcl, (EFMxX|Cx]—x])teA, C Bi)ieh Zht=v
-kt S [(Cl : Ai)iell] C [(Cl . Bl) ]
In the case of the (x) rule, we need to show t I {(Liz Ay, f C{(Li:By), - As in

+

iel,
i

the case of the (=) rule, we know that [t]] = [v] so we can assume that we have
[v] e [[{(li:Ai)iel}]] and show that [v] € [[{(li:Bi)iel}H' Again, if [v] = o then the
proof is trivial. Hence, we may assume [v] = {(li=w),_} and v; € [A]\{o} for
all index 1 € I. As a consequence, we only need to show that v; € [B;] for all i € L.
Let us take k € I and consider the term [(Ax.x.l) t] = (Ax.x.l) [t]. As we have
[t] = [vl = {(l;= Vi) b we know (Ax.x.1y) [t] = Axx.1) {(1;= Vi), We then
obtain (Ax.x.ly) [t] = vy using Theorems 3.3.16 and 3.3.15. We can hence conclude
using the induction hypothesis, the (=)-extensionality of the pole and Theorem 5.4.15.

(ZF(Mxxl)teA;C Bi)iel Thkt=wv
Zrte((hiAd,_ClkiB)_)

In the case of the (X.,) rule, the proof is similar to the (x) case. Since we know that
[t] = [v] we can assume [v] € I[{(li : Ai)iel]}]] and show that [[v] € [[{(11 : Bi)ielz}]]' If
[vl = o then the proofis trivial so we may assume that [v] = {(1; = Vi), Jwith; C 1
and v; € [A] for all index i € I,. As a consequence, we only need to show v; € [B;] for
all i € T,. Let us take k € I, and consider the term [(Ax.x.l,) t] = (Ax.x.1y) [t]. As we

have [t] = [v] = {(1; = Vi), o) we know (Ax.x.ly) [t] = (Axx.ly) {(1;= Vi), - Using

iel

118



Theorems 3.3.16 and 3.3.15 we obtain (Ax.x.ly) [t] = v\. We can hence conclude using
the induction hypothesis, the (=)-extensionality of the pole and Theorem 5.4.15.

12CI] (El_(AX.X.ll)tEACB)EI ZkHEt=v
e (LA, C (L Bo) i)

In the case of the (x.) rule, the proof is exactly the same as for (X.) with I =1,

IZ C I] (E - (?\X.X.li) t e Ai. C Bi)ielz ZkEt=vwv

=hHte{(l: Ai)id]} C{(L;: Bi)ielz;"'}

In the case of the (V) rule, we need to show that t I Vx°.A C B. We thus suppose that
t Ik Vx".A and show t I B. By induction hypothesis, it is enough to prove t I+ Afx = C]
and thus we will show [[V)(S.A]]LL ClAx:= C]]]LL. According to Lemma 4.5.32, it is
enough to show [Vx*.A] C [Alx := Cl], which is immediate by definition.

Xext

ZTHteAlx=ClC Bv
ZHtev.ACB
In the case of the (V,) rule, we need to show that t + A C Vx'.B. We thus suppose that
[t] € [AT"" and show that [t] € [¥x".BI . We have [t] € [Blx :=¢,.(t ¢ B)II""
by induction hypothesis. Moreover, as the pole is (=)-extensional and [v] = [t] for

some value v, we have [v] € [B[x =, (t Z B)] ]]L according to Theorem 4.5.35. For
the same reason, it will be enough for us to show that [v] € [vx® B]] " With Theorem
5.4.15 we even have [v] € [Blx:=¢, ((t ¢ B)]] and we can show [v] € [vx’.B]. We

now suppose that there is ® ¢ [[s]] such that [t] & [Blx = (D]]] * We can thus assume
that [Blx i=¢, ((t ¢ B)]] = [Blx := ®]], which contradicts [t] € [Blx := O As a
consequence, it must be that for every formula ® € [s] we have [t] € [Blx = (D]]]lL
or equivalently [v] € [Blx := ®]] using Theorems 4.5.35 and 5.4.15. This immediately
implies that [v] € [Vx'.B].

ZHteACBi=e,(t¢gB)] Zhv=t
;FtEACvXB

v,

In the case of the (3,) rule, the proof is similar as for the (V,) rule. We need to show
that t - A C 3x°.B so we suppose t I A and show t I 3x°.B. Using the induction
hypothesis, we know that t I Blx := C]. As a consequence, we only need to show
[Blx:=C] ]] C [3x° B]] * This immediatly follows from the definition of [Jx°.B]

using Lemma 4.5.32.
& 453 ZHteACBk=C.

ZTHteAcCI'.B

In the case of the (3,) rule, the proof is similar as for the (V,) rule. We need to show
that t + 3x".A C B so we suppose t I 3x°.A and show t I B. To be able to use the
induction hypothesis, we need to show that [t] € [Alx :=¢,(t EA)]]]lL, provided
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that [[t] € [[EIXS.A]]LL. As we have [v] = [[t]] we can use Theorems 4.5.35 and 5.4.15,
assume [v] € [3x°.A] and show [v] € [Alx :=¢,.{(t € A)]]. We will now suppose
by contradiction, that for every element ® of [[s]] we have [t] € [Alx = (D]]] and
thus [v] ¢ [Alx := ®]] using again Theorems 4.5.35 and 5.4.15. This is a contradlctlon
since this exactly means that [v] ¢ [Jx°.A]. Hence, there must be ® € [s] such that
[t] € [Alx = ®]]" We can thus suppose [Alx :=¢, (t € A)]] = [Alx = ®]] which
gives us [t] € [Alx :=¢,.s(t € A)]]]LL. We can thus conclude the proof using Theorems
4.5.35 and 5.4.15 one more time.

ZHEteAlx=¢.(tcA)JCB ZFt=v
ZHteIx.ACB

In the case of the ([)) rule, we need to show that t F A w; = uz C B. We thus assume
that we have [t] € [ATu,= uz]] * and we show [t € I[B]] . As in the case of the
(=) rule, we know that [t] = [v] so we can assume that we have [v] € [A]u;=u,]
and we can show [v] € [B]. Now, if [v] = o then we can conclude immediately.
Otherwise, we have [v] € [A] and [w,] = [u,] by definition of [A [ u;=1u,]. As a
consequence, we get [v] € [B] by induction hypothesis (using [w;] = [u,]).

3

[

yWw=u,FteACB ZkFv=t
Hl_tEAFU] UzCB !

In the case of the (I) rule, we need to show that t F A C B[ ;= u,. We thus assume
t - A and show t IF B[ u; = u,. Using the induction hypothesis, we know that t I B.
We will thus conclude the proof by showing [B [ u;=u,] = [B], which implies
[B]u = uz]]Ll = [[B]] * This is immediate since [w,] = [u,] by hypothesis.

=HFteACB El—u1zuzr
El_teACBFUqELLZ !

In the case of the (€)) rule, we need to show that t F u€A C B. We thus assume
that we have t + u€A and show t I B. As in the case of the (=) rule, we know that
[t] = [v] so we can assume that we have [v] € [u€A] and show [v] € [[B]]Ll
[vl € [ueA], we have [v] = [u] and [v] € [A] by definition. We can thus conclude
by using the induction hypothesis to get [v] € [B] since we know [t] = [u].

Z,t=ukFteACB ZkHt=v
Z—HFteueACB

€1

In the case of the (€,) rule, we need to show that t - A C u€B. We thus suppose
that t - A and show t I ueB. Using the first induction hypothesis, we know that
t I B. Now, as the pole is (=)-extensional and [v] = [t] for some value v, we can
use Lemma 4.5.35 and Theorem 5.4.15 to obtain [[v] € [B]. For a similar reason, it
is enough to show that [v] € [[uEB]]LL. By definition of [uéeB], it only remains
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to show [v] = [u]l, which follows by transitivity of (=) knowing [v] = [t] and

t|| = .
[t = [ul ZHtcACB Zht=u Zht=v_

ZHEte ACueB

6.5 COMPLETENESS ON PURE DATA TYPES

In the previous section, the semantics was shown to be adequate with respect to our
typing rules. In other words, typed programs really are what they are expected to be in the
semantics. Our adequacy lemma (Theorem 6.4.17) is thus a soundness result, and we are
now going to wonder about completeness.

Although we cannot hope for a full completeness of our semantics, it is still possible
to show that our system is complete when restricted to simple enough types. In particular,
we will consider types that do not contain arrow (or function) types. They will not contain
quantifiers either.

Definition 6.5.18. A type A € JF is said to be a pure data type if it is only constructed using
sum types and strict product types. In other words, a pure data type is generated by the
following BNF grammar. We will denote 3, the set of all the pure data types.

(%) A,B = {(li:Ai)iel} [ [(Ci: Ay,

iel
Here, pure data types are rather limited. However, if the system was extended with induc-
tive types, then they could also be included in the definition. As a consequence, pure data
types would contain, for example, unary natural numbers or lists.

Theorem 6.5.19. Let A € J; be a pure data type. For every value v € [A]\ {o} the judgment
v : A is derivable.

Proof. We do a proof by induction on the structure of A. If it is of the form {(1;: Ai)ia}
then by definition v = {(l;=v;), _} with v; € [A;1\{o} since v # O. As a consequence,
the induction hypotheses give us a proof of v, : Ay for all k € I. We can thus build a
proof of H{(1;= Vi) bt {Lr A ) as follows.

1€

=) € AT ) CIC AT IFveAd,,
H(li= Vi)iel} (L Ai)iel} ‘

Note that the base case of our induction is the empty record type {}. In this case the above
proof does not have any open premise.
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If A is of the form [(Ci:Ai)ieI] then by definition we have v = Cy[w] with k € I
and w € [A ]\ {o} since v # oO. Our induction hypothesis hence gives us a derivation of

Fw : A, that we can use to build a proof of +Cyw] : [(C;: Ai)iel] as follows.
AxXc
(k}CT F(Ax[x]|Clxid = x4]) Clw]l € A, C Ay FCw] = Cw] .
Fw: Ak FCk[W] S [Ck : Ak] C [(Cl . Ai)iEI] N
FClwl < [(C: Ay, )
O

6.6 NORMALISATION, SAFETY AND CONSISTENCY

Thanks to our new adequacy lemma (Theorem 6.4.17), we can now study the proper-
ties of our system. Although a normalisation result was already given in Chapter 4, we
cannot reuse it since our type system and its semantics have been modified. We will
however use very similar techniques, which consist in considering particular examples
of poles.

In this thesis, the choice of a pole is more constrained than it usually is the framework
of classical realizability (e.g., [Krivine 2009, Miquel 2011]). Indeed, the only property that is
commonly required of a pole is to be saturated under the reduction relation of the abstract
machine (i.e., to be closed under backward reduction). Here however, we need to ask for
more properties. Our poles need to be (=)-extensional for the semantics of our types to be
closed under equivalence. Moreover, they must satisfy the conditions of our main theorem
(Theorem 5.4.15). In particular they must only contain terminating processes and they must
include the process O * €.

Theorem 6.6.20. Every closed, typed term normalises. More precisely, for every term t € A*
such that -t : A is derivable, there is v € A"\ {a} such that t x T —»* v % .

Proof. We consider the pole IL = {p € AxTT|IveA, p »* vxe} which is trivially
saturated. Moreover, this pole only contains processes that reduce to a final state. Let us
now verify that 1 is =-extensional. We thus suppose that t = u and that t x m € 1. By
definition of 1, there must be a value v such that t ¥ 1 -* v x ¢. This means that there
must be k € N such that t * 1 >} v *¢, and hence we have t x 7| . Since t = u we
can deduce ux 7|}, and thus there must be a value w such that ux 7t -} w*e. As a
consequence, we have wx 7w —»* w x ¢, which gives us ux 7 € 1.

We can now apply Theorem 6.4.17 with the pole 1L and obtain t I A. Since t € A,
it cannot contain any choice operator and we have [t] =t € [[A]]LL by definition. This
means that t x 7t € 1L for every stack 7t € [[A]]L. In particular, we have t x ¢ € 1L as we trivi-
ally have ¢ € [AT" This exactly means that there is a value v € A such that t x e »* v xe.
It remains to show that v is closed and different from o. This follows from the fact that t x €
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is closed and that it does not contain o since none of our reduction rules can introduce free
variables or the value o. O

Now that we have proved normalisation, we will show that our system is type safe. In
other words, a typed program is expected to reduce to a value of the corresponding type.
For instance, a program which type corresponds to some encoding of the natural numbers
is expected to evaluate to a value representing a natural number. As usual in classical
realizability, we do not prove type safety for all types. In particular, safety is never proved
for types containing function arrows. We will here restrict ourselves to pure data types.

Remark 6.6.21. The restriction to pure data types is not a problem in practice. For example,
functions can only be observed through their application. In particular, placing a function
in a well-typed context will only allow us to observe well-typed output. Similar arguments
apply to all the type constructors that are not directly considered for type safety.

Even when we restrict to pure data types, the proof of type safety is subtle in our
system. The difficult part consist in showing that the pole defined from the value level
interpretation of a pure data type is =-extensional. This is in fact possible thanks (again)
to our d,,, term constructor.

Theorem 6.6.22. For every closed term t € A’ such that -t : A for a pure data type
A € J,, there is a value v € [A] \ {0} such that t x&¢ »* vxe¢.

Proof. We consider the pole 1, = {p € AxTT | Ive[A], p »* v x¢} which is trivially
saturated. Moreover, this pole only contains processes that reduce to a final state. Note
that the set [A] can be used in the definition of 1, because A is a pure data type. In
particular, the type A does not contain arrow types. If they did, the definition would be
circular as the pole is used in the interpretation of the arrow type. Let us now verify
that 1, is =-extensional. We thus suppose that t = u and that t ¥ 7t € 1,. By definition
there must be a value v € [A] such that t * T —* v x ¢. Now, since t = u there must be
w € A, such that ux 71 »* w * ¢ and it remains to show that w € [A]. To conclude, it is
enough to show w = v as we know that [A] is closed under (=). Let us now apply the
substitution p = [e = [Ax.5,,]¢] to t x 1. We thus obtain (t * 7)p —* vp * [Ax.5,,]e and
since A is a pure data types, it is easy to see that v cannot contain terms (since they only
appear in A-abstractions) nor stacks (since they only appear in terms). As a consequence,
we have (t * m)p -»* v [Ax.5,,]e =2 0, * ¢, which is stuck. As a consequence, we know
that tp x 7tp ¢ 1. Now, since we have t = u, we can apply Theorem 4.5.35 and obtain that
up * 7tp ¢ 1. By applying reduction steps, we obtain that wp * [Ax.5,,]¢ is not in 1L either.
Now, since we have wp * [Ax.5, Je 2 5,,,, * € then we also know that 3,,,,, * € ¢ 1. This
can only be true if wp = v. Now, since [A] is closed under (=) then it must be that
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wp € [A]. As mentioned above, the elements of [A] cannot contain the empty stack
symbol ¢ and thus we have wp = w, which gives w € [A].

We can now apply Theorem 6.4.17 with the pole 1L, and obtain t I A. Since t € A’
it cannot contain any choice operator, and thus we have [t] =t € IIA]]LL by definition.
This means that t x 7t € 1L, for every stack & € [[A]]J'. In particular, we have tx¢ € 15
as we trivially have ¢ € [[A]]L. This exactly means that there is a value v € [A] such that
tx e »* vxe. Moreover, v # O since a typed term cannot contain O. O

One of the applications of our type safety theorem is to show the consistency of the
system. In particular, we can immediately show that the type [] (i.e., the empty sum type) is
empty. In other words, there should be no typable program of type [l.

Theorem 6.6.23. There is no closed term t € A" such that Ft : [] is derivable.

Proof. Let us assume that there a term t € A’ that -t : [I. As [] is a pure data type we
can apply Theorem 6.6.22 to obtain a value v € [[I] such that t x e »* v * ¢. However,
we have [[]] = {o} so it must be that v = 0. This is a contradiction since we know that
the process t % ¢ does not contain O, and thus v % ¢ cannot contain O either according to
Lemma 6.4.10. O

In our system, there are many ways of building an empty type. As a consequence,
Theorem 6.6.23 is not enough for ensuring the consistency of the system as it only considers
the type [l. However, the other forms of empty type can be handled using typing. Let
us consider the type VX.X, which also denotes an empty type. Let us suppose that we
have a term t such that —t: VX.X and t does not contain 0. We can then build the
following typing derivation, which gives a term of type [l.

Feewxx(x€ll) €ll C DAX;
Ax. Feemx(xgl) e VXXl
Faxx e (WXX) =0 c(MXX) =0 Fevenx(x€0):
FAx.x : (VX.X) = ] _ PtrvXX
F(Ax.x) t: (] ¢

The existence of such a term contradicts Theorem 6.6.23 and thus there cannot exist terms
such as t. Similar proofs can be made for other forms of empty types.
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6.7 TOWARD (CO-)INDUCTIVE TYPES AND RECURSION

The type system described in this chapter does not yet contain all the ingredients required
for a practical programming language and proof system. Indeed, it lacks inductive types
and does not allow recursion. In this section, we will hint toward the inclusion of these
features. To this aim, we will rely on the approach described in [Lepigre 2017] by Christophe
Raffalli and the author. In particular, we will extend the system with typing rules allowing
the construction of infinite typing and subtyping derivations. We will then rely on a notion
of syntactic ordinals to show that they are well-founded and thus correct.

In the system, ordinals will be handled using another atomic sort, which will auto-
matically provide us with quantification over ordinals. In our types, ordinals will be used
to annotate inductive (and coinductive) types with a size information. As a consequence,
they will allow us to extend our system with sized types [Hughes 1996, Abel 2008, Lepigre
2017]. In the semantics, syntactic ordinals will be interpreted using actual ordinals.

Definition 6.7.24. We denote by k the sort of syntactic ordinals. From now on, we will
consider that it is contained in our set of atomic sorts 8, and thus k € 8.

Definition 6.7.25. The set of all the syntactic ordinals is generated from a set of ordinal
variables V, = {0, n, (...} using the following BNF grammar.

(@) T,0 5= 0] oo | T+1 | ggr(t€A) 0cV,tcANAcT

Our syntactic ordinals are formed using variable, the constant oo, the successor symbol
and choice operators of the form eo_.(t € A). Note that we need to extend the system with
the following three sorting rules.

Tk YkF1:xk Z,0:kkHt:t X,0:kFA:o0
LhFoo:k I e e I Y Feg(teA)

In the model, syntactic ordinals will be interpreted using actual ordinals, as is done
in [Lepigre 2017]. In particular, co will be interpreted by an ordinal that is large enough to
ensure the convergence of all fixpoints in the semantics of our types.

Definition 6.7.26. Given a syntactic ordinal T, we denote [t] the ordinal corresponding to
its interpretation. In particular, we define [oo] to be the set of all the ordinals smaller or
equal to the cardinal of the set P([o]]). The interpretation of the other syntactic ordinals is
defined inductively as follows.
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[ol = o [eo--(t€A)] = o | [tl0:=0]] € [AlO:= o]]]LL
[t+11 [*]+1 [eo--(t€A)] = 0 otherwise

We will use the notation [O] for the ordinal [oo]] + w, which is the set of all the ordinals
that can be represented in our syntax.

Remark 6.7.27. As in the previous chapter, the multiple extensions of the language that
are given in this chapter are not independent. As our syntactic elements are all defined
mutually inductively, every single modification leads to global changes. In particular, the
definition of types (and thus of raw terms) is affected.

We will now extend the syntax of our types with two constructors denoting the least
or greatest fixpoint of a parametric type. Intuitively, these types will allow us to construct
inductive and coinductive types. As we are using sized types, our fixpoint constructors will
have the peculiarity of carrying an ordinal. In particular, a fixpoint carrying the ordinal co
will correspond to usual (not sized) types.

Definition 6.7.28. We extend the syntax of formulas F with a least fixpoint constructor
nX.A and a greatest fixpoint constructor v.X.A. Both of these constructors carry an
ordinal. Note that we need to extend our system with the following sorting rules.

X, X:toFA:0 XFT:K X, X:oFA:0 XFT:kK
Y XA:o v XA:o

Moreover, we will implicitly assume that in these constructions, the variable X only appears
positively in A (i.e., it is in covariant position).

Definition 6.7.29. In the semantics, sized inductive and coinductive types are interpreted
in the usual way, as pre-fixpoints and post-fixpoints respectively.

[hXAl=U [X — Al [v.XATl =N [X = AT(A)

o< [l o <[]

Before giving the new subtyping rule for handling inductive and coinductive type, we
need to extend the context of our judgments with a so-called positivity context.

Definition 6.7.30. A positivity context is a list of syntactic ordinals assumed to be positive.

For convenience, we will represent such contexts using comma-separated lists of syntactic
ordinals generated by the following BNF grammar.

Yi=@lv,T T€O
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i<0 Yyt v yhts v
YRt T yhHET+HI < v Yy ET< v+
Y, THT<, v YHETE L
Y, T = £9<T(teA) giv Y - EG<T(t€A) giv
Figure 6.6 — Rules of ordinal ordering.
}/;El—tGACB[X:pOOX.B]H y;El—teA[X::vOOX.A]CBV
viZhEteAcCu XB 7 viZkFtev XAcB °

Y; 2 FteACBX:=p,X.B] yl—v<’tu
Y:ZFteACuXB '
v;ZhHteAX:=v,X.A]CB yl—v<’rV

1

viZFtevX.ACB

Y, T; 2t € AX =1, teax=uxaA)X-AlCB  ZFHv=t
viZFteu XACB

Hy

Y, T, ZTHteAC B[X = VES<T(t¢B[X1:VeX.B])X'B] ZkFv=t
Y EFteACVXB

Vr

Figure 6.7 — Local subtyping rules for inductive and coinductive types.

We will say that a positivity context vy is valid if the interpretation of every syntactic
ordinal T of 1y is strictly positive (i.e., [t] > 0).

In the system, positivity contexts will be necessary for the derivation of ordering judgments
on syntactic ordinals. They will be used to make sure that fixpoints can be unfolded in
subtyping judgments.

Definition 6.7.31. An ordering judgment is a tuple of a positivity context v, syntactic ordinals
Tand v and an integer i € Z denoted y = T <, v. An ordering judgment is said to be valid
if it can be derived using the deduction rules given in Figure 6.6. Note that we will write
YyET<vwheni=1
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Definition 6.7.32. We extend our system with the six subtyping rules given in Figure 6.7.
Note that all the other rules need to be modified to contain a positivity context. However,
there is no difficulty in doing so as they only need to transmit this context.

Intuitively, the (i, ) rule allows the unrolling of a least fixpoint on the right side of
the subtyping relation. This rule can only be applied when the limit of the fixpoint has been
reached, and it is always the case with the ordinal co. When the ordinal is too small to make
the fixpoint converge, the (it,) rule can be applied. However, it requires finding an ordinal v
that is strictly smaller than the ordinal T carried by the fixpoint. In particular, this ensures
that T was not equal to 0, and thus that the fixpoint can be unrolled. When a least fixpoint
appears on the left side of a pointed subtyping relation, the (i) rule can be applied. In this
case, a choice operator is used to obtain some ordinal such that the left part of the judgment
is satisfied. If no such ordinal exist, then 0 is chosen and thus the premise of the rule is
immediate. The three rules for handling the greatest fixpoint constructor are dual to those
for the least fixpoint constructor.

Handling recursion requires providing a typing rule for our fixpoint term constructor.
However, this is not enough because in practice we will need (part of) our positivity contexts
to be communicated between part of the typing trees to be able to establish that an infinite
typing proof is well-founded. As a consequence, we also introduce two new type connectives
that will be used for this purpose. In particular, they will allow us to give stronger rules for
the typing of A-abstractions and pattern matchings.

Definition 6.7.33. We extend the syntax of formulas F with two new type constructors
ATy and y < A called positivity restriction and positivity implication. The former is a
variant of our restriction constructor for equivalences and the latter denotes an implication
(with no algorithmic contents) depending on a positivity context. Note that we need to
extend the system with the following sorting rules.

SFA:0 (ZFT:K) SFA:0 (ZFT:K)

TEY

SFATv:o0 Yy A:o

TEY

Definition 6.7.34. In the semantics, positivity restriction and positivity implication are
interpreted as follows.

[ATy]l = [A]l whenVTey, [t] >0 [ATYI]
[vy—A] = [A]l whenVTey, [t] >0 [v <= Al = A, otherwise

{o} otherwise

Remark 6.7.35. It would be perfectly possible to add an implication connective similar to
v & A but depending on an equivalence instead of a list of ordinals. It is in fact included in
the implementation of the system.
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Y, Yo;ZFteACB ZEv=t Y;ZHFteEACB Yy Cvy.
Y;ZFteATYy CB viZHFteACBly,

I,k

Y;ZHFteACB ’YOQ'Y(_) y,yo;El—tEACB(ﬁ
viZFteywpoACB YiZFteACY,—B

YV;ZFEMXEtEYS(A=B)CC v,y ZHtixi=e,ca(t¢€B)]: B
v, FAx.t:C

=.

1,k

YiZFEVIA Y ZEveEACCA) Y (Vi S F tixi=egen engm(ti £ Q)2 C)
Y; 2 WI(Clxd—=ty) J:C

iel
tex

iel

Yy Yo; 2 FEtx =AY A= B v ZFE MY €Yo (A= B)C CY
Y; 2 ANy €

Figure 6.8 — Typing and subtyping rules for the handling of recursion.

We will now extend our system with a last set of typing and local subtyping rules
for handling recursion. We will then prove that all the rules introduced in this section
are adequate.

Definition 6.7.36. We extend the system with the seven rules of Figure 6.8.

We can now put everything together and prove yet another adequacy lemma. However, we
first need to give the interpretation of ordinal ordering judgments.

Lemma 6.7.37. If the judgment vy - 7 <, 1, is derivable and for every syntactic ordinal
T € vy, we have [t] > 0, then the following holds.

- If 1 > 0 then [t,]+1 <[],

- if i <0 then [1] <[] +1.
Here, we use the notation o +1i for the i-th successor of the ordinal o. Note that in
particular, y - T; < 7, is derivable then we have [1;] < [t,].

Proof. A complete proof is given in [Lepigre 2017, Lemma 1.10]. O

Theorem 6.7.38. Let vy be a positivity context, = be an equational context, A, B € F
be closed types and t € A" be a closed raw term. If for every syntactic ordinal T € y we
have [t] > 0 and if for every (t;, t,) € = the equivalence [t;] = [t,] holds then we have
the following.

- If y;Z Ft:A is valid then we have t I+ A. Moreover, if t is a value [t] # o.
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- If v;Z Fm:—A is valid then we have 7t I A.
- If y;ZFte A CBisvalid then we have t - A C B.

Proof. The proof proceeds as for Theorem 6.4.17 with the exception of the management of
the positivity context. For all the rules that were given in previous sections of the current
chapter, the adaptation is immediate as the positivity context is only transmitted. As a
consequence, we only consider the rules that were introduced in this section.
- In the case of the (u, ) rule, we need to show that t - A C u,X.B. By induction
hypothesis, we know that t + A C B[X:=pX.B] so we can conclude immediately as
we know that [ X.B] = [B[X:=uX.B]] as the fixpoint has been reached.

y;El—tEACB[X:uOOX.B]u
Y;ZFEteACuX.B

T,00

- In the case of the (v, ) rule, the proof is dual to the (u, ) case.

v;ZHteAX:=v X.A] C BV
Y, ZFtev XACB

1,00

- In the case of the (u,) rule, we need to show that t F A C n X.B. According to Lemma
6.7.37 we have [v] < [t] and thus we have [B[X:= u X.Bl] = [1, 1 X.B] C [ X.B].
We can thus conclude using Lemma 4.5.32 and the induction hypothesis. It is important
that X only appears positively in B to obtain the inclusion directly.

v;ZHteACBXi=p,X.B] yl—v<Tu
YiZFteACuXB '

- In the case of the (v;) rule, the proof is dual to the (u,) case.

vY;ZFte AX:=v,X.A]CB yhv<t,
v;ZHtevX.ACB

1

- In the case of the (i) rule, we need to show that t F u . X.A C B. If we have [t] = 0
then we can conclude immediately as in this case [u.X.A] = {o} C [B] and thus
[[uTX.A]]LL C I[B]]LL by Lemma 4.5.32. We can thus suppose that [t] > 0 in the
following so that we can use the induction hypothesis. Let now suppose that we have
[t] € [[LLTX.A]]LL and show [t] € [B]™ By our second hypothesis, we have a value v
such that [t] = [v]. As a consequence we can work at the value level thanks to Theorem
5.4.15. We can thus suppose that [v] € [1X.A] and show [v] € [B]. By definition of
[t X.A] we know that there is an ordinal o < [T] such that v € [X — A]°({0}). As a
consequence, the choice operator €q_.(v € A[X:= noX.A]) = gg(t € AIX:=pugX.Al)
is well-defined and thus we have [v] € |[A[X = ug_ea(te/\[xﬁHGX.A]]X.A]]]. We can hence
apply the induction hypothesis (again using Theorem 5.4.15) to get [v] € [B].
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YV, G ERte AX = e eax=upxanXAICB EFv=t
v;ZHFteuXACB

Hy

In the case of the (v,) rule, the proof is dual to the (i) case.

Y, T, ZTHEteAC B[X = V£9<T(t€B[XI:V9X.B])X'B] Zkv=t
YiZFteACv.XB

VT

In the case of the (49) rule, the proof is similar as for () Theorem 6.4.17.

Y, Yo; =FteEACB ZkFv=t
YiZFteAly CB

In the case of the ) rule, the proof is similar as for (I) in Theorem 6.4.17.

Y;Z2HFteACB vy, Cvy
Y;ZFteACB[y,

K

In the case of the (=, ) rule, we need to show t Iy, A C B. Thanks to our second
premise we know that all the ordinals in vy, are positive. As a consequence we know
that [y, = A] = [A]. We can thus conclude using Theorem 4.5.32 and the induction

hypothesis. _
Y;ZHFteACB yogy_)

Y;ZEFtevyvpy—>ACB

K

In the case of the (=, ) rule, we need to show t - A C y, < B. We thus suppose that
[t] € [[A]]LL and show [[t] € [y, < B]]LL. If the ordinals of vy, are not all positive then
the proof is immediate as [y, < B] = A". If all the ordinals are positive then we can
immediately conclude using the induction hypothesis.

Y,Yo; = HFteACB .
YiZFteACy,oB

In the case of the S rule, we need to show Ax.t I C. Using the first induction
hypothesis it is enough to show Ax.t I vy < (A = B). Let us first assume that some
ordinal of v, is equal to 0. In this case [y, = (A = B)] = A, and thus we have
Ax.[t] € [vo < (A = B)] so we can conclude with Lemma 4.5.29. Now, if <y, only
contains positive ordinals then we have [y, < (A = B)] = [A = B] and we can use
the second induction to conclude the proof as in the (=) case.

YiZhEMte Vv (A=>B)CC v,V = Ftixi=e,cal(t€B)]: B
Y= FAx.t:C

i,k

In the case of the (+, ) rule, we need to show [v|(Ci[x;] —t;), ] F C. By our first
induction hypothesis we have [v] € [[A]]lL and [v] # o. Thanks to our second induc-
tion hypothesis combined with Theorem 5.4.15 we obtain [v] € [[[(Ci PAY) M/O]] and
thus we know that the ordinals of v, are all positive as otherwise this would imply
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[v] # o. As a consequence, we have [[[(Ci:Ai)iel] M/O]] = [[[(C-l : Ai)iel}]l and we can
finish the proof as in the case of (+,) rule since we can use the remaining induction
hypotheses.

YiEFEviA v ZEVvEACCiAY MY (V» Yo3 2 b tilxi = €y enrerg=(ti £ C)] : C)_el
s
Y 2 WMI(Clxd—1ty), ]:C

iel

- In the case of the (Y) rule, we need to show Ax.Y),, I C. Using the second induction
hypothesis it is enough to show Ax.Yy. IF Yo <= (A = B). As for the (=, ) case, if
contains some ordinal that is equal to O then we can conclude immediately. We can
thus assume that all the ordinals of <y, are positive, which means that we can use the
right induction hypothesis and that we have [y, = (A = B)] = [A = B]. We need to
prove Ax. Yy, i € [A = B]™ for which it is enough to show Ax.Yy, i« € [A = B]
according to Theorem 5.4.15. By definition, we need to take a value v € [A] \ {o} and
show Yy, gy € [BI": We thus take 7 € [B]" and we prove Yy, piy * 7T € L. As I is
(—»)-saturated and we have Yy, pyj, * m =»* [t[r:=Ax.Yy, (,J] * v. 7T we only need to
show [t[r:=Ax.Yy, ,J] ¥ v. 7 € L. According to our first induction hypothesis it only
remains to show that we have v. 7t € [A = B]]L. This follows easily from the fact that
v € [Al\{o} and that 7 € [[B]]L.

Y, Yo; ZH k=AY A= B v ZE MY € Vo= (A= B)C CY
Y; 2 A Npex : €

OJ

Even with all the new rules introduced in this section, the system is still not quite
ready to be usable. In fact, a notion of circular proofs and an associated notion of well-
foundedness needs to be introduced in the system. It is possible to apply the framework
defined in [Lepigre 2017, Section 3] to obtain circular proofs because the syntax used for
ordinals is exactly the same as ours, and the system presented in the paper requires a
very similar construction. After obtaining a notion of circular proofs, it would be possible
to extend Theorem 6.7.38 so that it is proved by ordinal induction on the circular proofs,
provided that they have been shown well-founded. We do not go into the details here for
lack of time as this is still a work in progress.
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’7 IMPLEMENTATION AND
EXAMPLES

In this last chapter, we consider examples of programs and proofs that can be written and
manipulated using our prototype implementation. This restricted set of examples is not
intended to give an exhaustive view of our language. Their only purpose is to demonstrate
its expressiveness through a selected set of examples.

7.1 CONCRETE SYNTAX AND SYNTACTIC SUGARS

Although it is conveniently short, the abstract syntax that was used since Chapter 2 is not
suitable for actual programming. Throughout this chapter, we will rely on the syntax used
by the prototype implementation of the system. Some examples of programs written with
this concrete syntax were already considered in Chapter 1. We will now give some elements
of the translation from the concrete syntax to the abstract syntax.

Remark 7.1.1. Although we will not give the full details, it would be possible to give a precise
definition of the translation of terms and types between the two syntaxes.

At the top level of the concrete syntax, there are three different ways of defining
meta-variable: the definition of an expression of a given sort, the definition of a type and
the definition of a value. The definition of an expression simply amounts to giving a name
to some higher-order term of our language (i.e., to an element of F of an arbitrary sort).
Examples of such definitions are given below.

def delta : = fun x { x x }
def rapp(t:t, u:t) : T =ut
rapp(delta, delta)

def omega : 7

def neg(a:o) : o a = VX:o, X
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Note that higher-order definitions can have arguments, which are given in angle brackets.
Sort annotations are given for the arguments, as well as for the global (fully applied)
expression. For example, the expression rapp (reversed application) given above has the sort
T—1— 1, and to be used as an element of sort = it needs to be provided with two arguments
of sort 7 as in the definition of omega. Of course, any term of sort . also has sort v and
the sort of expressions can be inferred most of the time (i.e., it does not always have to
be provided by the user).

As it is very common to define types (i.e., expressions of sort o), a specific syntax is
provided to do so. However, it is completely equivalent to using a standard definition as
it is only syntactic sugar. As a consequence, the following two definitions of the type of
booleans are equivalent.

type boolean = [True; Falsel

def boolean : o = [True; False]

Type definitions can also have arguments, and the rec or corec keyword can be used to
make a type definition inductive or coinductive. For example, the type of lists and the type
of streams can be defined as follows (equivalent higher-order definitions are also given).

type rec list(a:o) = [Nil; Cons of {hd : a; tl : list}]
type corec stream(a:o) = {} = {hd : a; tl : stream}

def list(a:o) : o = p list [Nil; Cons of {hd : a; tl : list}]

def stream(a:o) : o = v stream {} = {hd : a; tl : stream}

Note that the name of the constructors are uppercase identifiers, while lowercase identifiers
are used everywhere else. In particular, constructor names and label names are not limited
as in the abstract syntax.

Finally, values can be defined and type-checked using the val keyword. As for types, the
rec keyword can be used and it makes the definition recursive. For example, we can define
the following functions on lists, using the built-in type bool and the option(a) type from
the standard library.

val is empty : va, list(a) = bool =

fun 1 {
case 1 {
Nil — true
Cons[ 1 — false
}
}
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include lib.option

// type option(a) = [None; Some of a]

val rec last : va, list(a) = option(a) =

fun 1 {
case 1 {
Nil — None
Cons[c] —

case c.tl {
Nil — Some[c.hd]

Cons[ ] — last c.tl

Note that the body of functions and the patterns of case analyses are wrapped in curly
brackets (like in the Rust language). This will also be the case for conditionals, but they
will only be introduced later.

Another important remark about our concrete syntax is that we allow terms which are
not values everywhere, including in records and variants. This is in fact translated to the
limited abstract syntax as discussed in Remark 2.5.34. For example, the term Some[c.hd]
in the above example is translated to (fun x { Some[x] }) c.hd internally.

In the concrete syntax, A-abstractions and p-abstractions can be written using the
syntax fun x { t } and save k { t } respectively. Note that they can take multiple arguments
at once. For example, fun x y { t } is the same as fun x { funy { t } }. A continuation (or
stack) k can be restored using the syntax restore k t, which corresponds to named terms in
the abstract syntax.

7.2 ENCODING OF STRICT PRODUCT TYPES

As discussed in the previous chapter, the most natural semantics for product types in
presence of subtyping allows for extensible records. In other words, it is always possible
to provide more fields than necessary. However, product types with a fixed set of fields
often arise in practice. For this reason, we introduced so-called strict product types, which
were used to state our type safety theorem (Theorem 6.6.22). In this section, we will show
that it is possible to encode strict records into the system, without extending it with two
different forms of product types.

Let us first consider the “unit” type, corresponding to the empty product. In our system,
a first attempt at defining such a type would be to use an extensible record with no fields.
However, as indicated by its name, this type contains many more elements that the empty
record (written {} in our system).
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type wrong unit = { -}

// It is inhabited by the empty record.

val u : wrong unit = {}

// And in fact by any record...

val u aux : wrong unit = {1 = {}}

To avoid extending the system with strict record types, it is possible to use one of the
following three encodings for the unit type. They rely on the membership type, optionally
combined with existential quantification and restriction.

type unitl = {} € { -}
type unit2 = 3Ix:1, x e ({~} | x = {})

type unit3 = 3Ix: ., (x e {~3}) | x = {}
Note that these types are all equivalent semantically. In the implementation, we chose to use

the definition unitl in place of the syntactic sugar {} (strict product type with no fields).
We can thus use the following definition for a reasonable unit type.

type unit = {} € {1}
// type unit = {}

// It is inhabited by the empty record.

val u : unit = {}

// But not by any other record.
// val fail : unit = {1 = {}}

In fact, we can show that every value of unit is equivalent to the empty record {} with
the following proof.

val true unit : vxeunit, x = {} = fun x { {} }
The encoding of strict products is not limited to the unit type. A similar encoding can be
used for any record type, and it is made accessible in the syntax using the strict product type

notation. For instance, the type of pairs pair¢a,b) can be encoded as follows.

type pair(a,b) = 3 x y:, {fst = x; snd = y} € {fst : a; snd : b; -}
// type pair{a,b) = {fst : a ; snd : b}
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val couple : V a b, a = b = pair(a,b) =
fun x y { {fst = x ; snd = y} }

val pil : V a b, pair(a,b) = a = fun p { p.fst }

val pi2 : Vv a b, pair(a,b) = b = fun p { p.snd }
As for the unit type, it is possible to show that the elements of a pair type are indeed
records with exactly two fields fst and snd.

val true pair : va b, Vpepair(a,b), Ix y:i, p = {fst = x ; snd = y} =
fun p { {} }

7.3 BOOLEANS AND TAUTOLOGIES

After defining the (one element) {} (or unit) type in the previous section, we will now
consider the (two elements) type of booleans. It can be encoded as usual using a poly-
morphic variant type as follows.

type boolean = [False of {}; True of {}]
// type boolean = [False; True]

Note that our variants need to have exactly one argument, which will here be {} on both
the True and False constructors. However, if no argument type is specified, then {} is
used implicitly.

In practice, booleans are often used together with conditional structures. There are
several (non-equivalent) ways of defining them in our language. A first possibility is to
define a condition function with three arguments as follows.

val cond fun : V a, boolean = a = a = a =

fun c el e2 { case ¢ { True — el | False — e2 } }

However, this function leads to both the expressions for the “then” and “else” branches to be
evaluated, before a choice is made. This is not the semantics that is expected in practice, as
it would be rather inefficient.

In our language, we can encode the usual conditional structures using a term macro
cond, with three term arguments. This is made possible by the higher-order features of
our language.

def cond(c:t, el:t, e2:t) : © =

case ¢ { True — el | False — e2 }
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Although such a macro is not typed at the time of its definition (it is only given a sort), it is
expanded and type-checked each time it is used. For instance, cond can be used to define
the following alternative definition of cond_fun.

val cond fun : V a, boolean = a = a = a =
fun c el e2 { cond(c, el, e2) }

In the following, we will prefer using the built-in bool type, rather that the boolean type
defined above. Although they are completely equivalent, only the bool type will allow us to
use the syntax for conditional structures. For example, the following definition of cond_fun
can be given for bool.

val cond fun : V a, bool = a = a = a =
fun c el e2 { if c { el } else { e2 } }

It is exactly equivalent to the one using the boolean type. The only difference lies in
the name of the constructors, which are hidden to the user in the bool type. Only the
conditional structures and the usual boolean constants can be accessed by the user.

Higher-order macros similar to cond can also be used to obtain conjunction and
disjunction operators having the expected (lazy) semantics. This feature is in fact useful
in many ways, we will see in a further section that it can even be used to encode a form of
proof tactics.

def land(bl:t, b2:1) =
if bl { b2 } else { false }

def lor(bl:t, b2:1) =
if bl { true } else { b2 }

Before going further, we are going to define a set of usual boolean operators. We will
then prove that they behave as expected in the system.

val not : bool = bool =
fun a { if a { false } else { true } }

val or : bool = bool = bool = fun a b { lor(a, b) }

val and : bool = bool = bool = fun a b { land(a, b) }

val imp : bool = bool = bool = fun a b { lor(not a, b) }

val xor : bool = bool = bool = fun a b { if a { not b } else { b } }
val eq : bool = bool = bool = fun a b { xor a (not b) }
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We will now consider the law of the excluded middle (on booleans). It can be stated
and proved as follows in the system.

val excl mid : vxebool, or x (not x) = true =

fun b { if b { {} } else { {} } }

Remark 7.3.2. The law of the excluded middle on booleans is not to be confused with
the term using control operators that was given in the introduction. Indeed, they live in
completely different levels of the system.

As the type of booleans contain only finitely many elements, properties can always
be proved by exhaustively listing the different cases. This is what was done above for
excl_mid, but it was not too tedious as there were only two cases. This will not be the case
anymore when considering properties with more parameters. For example, let us consider
the reflexivity, commutativity of the eq function.

val eq refl : Vacbool, eq a a = true =

fun a { if a { {} } else { {} } }

val eq comm : Va bebool, eqab = eqba-=
fun a b {
ifa {if b { {} } else { {} } }
else { if b { {} } else { {} } }

val eq asso : Va b cebool, eq (eq ab) c = eqa (eq bc) =
fun a b c {

if a {
if b { if c { {} } else { {} } }
else { if ¢ { {} } else { {} } }

} else {
if b {if ¢ { {} } else { {} }}
else { if c { {} } else { {} } }

To simplify the writing of such trivial proofs, it is possible to use term macros defined using
higher-order definitions. Such macros can then be used to prove any tautology with a given
number of arguments on booleans.
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def autol(a:t) cr=1if a { {} } else { {} }
def auto2(a:t, b:T) if a { autol(b) } else { autol(b) }
def auto3(a:t, b:t, c:t) : v = if a { auto2(b,c) } else { auto2(b,c) }

A
1]

val eq _refl auto : Vacbool, eq a a = true =
fun a { autol(a) }

val eq comm auto : Va bebool, eqa b = eqba =
fun a b { auto2(a,b) }

val eq asso auto : Va b cebool, eq (eq a b) ¢ = eq a (eq b c) =
fun a b ¢ { auto3(a,b,c) }

7.4 UNARY NATURAL NUMBERS AND TOTALITY

It is now time to consider a first example of data type with infinitely many elements:
unary natural numbers. Their definition was already given in Chapter 1, together with some
simple proofs. Let us start by recalling the definition of unary natural numbers, together
with their addition and multiplication functions.

type rec nat = [Zero; Succ of nat]

val rec add : nat = nat = nat =

fun n m {
case n {
Zero —m
Succ[k] — Succl[add k m]
}
}

val rec mul : nat = nat = nat =
fun n m {
case n {
Zero — Zero
Succ[k] — add m (mul k m)

As add and mul are defined using recursion on their first argument, it is immediate to show
add Zeron = n and mul Zeron = Zero for every n.
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val add zero v : Vv:i, add Zero v = v = {}

val mul _zero v : Vv:i, mul Zero v = Zero = {}

Note that these properties are proved by quantifying over every possible value v. Whether
it is a unary natural number or not is not important as add Zero v and mul Zero v can
still be unfolded. In fact, the add function can always be given an arbitrary value as second
argument as it is never considered in a case analysis.

Of course, it is possible to show similar properties by quantifying only on natural
numbers using dependent functions.

val add_zero n : Vnenat, add Zero n = n

fun _ { {} }
fun _ { {} }

val mul_zero n : Vnenat, mul Zero n = Zero

However, such definitions will never need to be used in practice since the more general
add_zero_v and mul_zero_v have trivial proofs. This means that they can be obtained
immediately by unfolding definitions, and thus it will never be necessary to invoke them.
In particular, the user will never need to call add zero n or mul zero n to prove the
corresponding equivalences.

Let us now consider the commutativity of the add function, which is a more interesting
example. To obtain these properties, two lemmas are required. We need to prove that add
n Zero = n for every unary number n, and that add n Succ[m] = Succ[add nm] for every
unary numbers n and m. These two properties can be obtained easily using a case analysis
and induction.

val rec add n zero : Vnenat, add n Zero = n =
fun n {
case n {
Zero — {}
Succ[k] — 1let ih = add_n_zero k; {}
}
}
val rec add succ : Vn menat, add n Succ[m] = Succ[add n m] =
fun n m {
case n {
Zero — {}

Succ[k] — let ih = add succ k m; {}
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A proof of the commutativity of add is then obtained in a similar way, but the two previously
proved lemmas are used.

val rec add comm : Vn menat, add nm = add m n =
fun n m {
case n {
Zero — let lem = add n_zero m; {}
Succ[k] — let ih = add _comm k m;

let lem = add succ m k; {}

Note that in the system, a lemma is used by calling the corresponding function. Similarly,
using an induction hypothesis corresponds to performing a recursive call. A proof can thus
only be correct if it terminates on every possible input. Otherwise, obviously invalid proofs
would be allowed by using a “non decreasing induction hypothesis”.

With more complex examples, it is often required to establish the totality of functions.
In other words, we need to show that the application of a function to any value (of the right
type) produces a value. As an example, we will show that the add function is total.

val rec add total : Vvn menat, 3Iv:., add nm = v =
fun n m {
case n {
Zero — {}
Succ[k] — let ih = add total k m; {}
}
}

Using add_total twice, it is then possible to show that the addition function corresponds
to an associative operation.

val rec add asso : Vn m penat, add n (add m p) = add (add n m) p =
fun nmp {
let tot m p = add total m p;
case n {
Zero — {}

Succ[k] — let tot k m = add total k m;
let ih = add asso k m p; {}
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To conclude this section, we will prove the commutativity of the mul function. This
result requires three intermediate lemmas. First, we need to show that mul n Zero =
Zero for every unary number n and that mul is total. It is then necessary to show that
mul n Succ[m] = add (mul nm) n for all n and m. These three properties are rather
straight-forward to obtain, even if longer proofs are harder to read.

val rec mul_n_zero : Vnenat, mul n Zero = Zero =
fun n {
case n {
Zero — {}

Succ[k] — let ih = mul n zero k; {}

}
}
val rec mul total : Vvn menat, Iv:i, mul nm = v =
fun n m {
case n {
Zero — {}
Succ[k] — let ih = mul_total k m;
let lem = add total m (mul k m); {}
}
}
val rec mul succ : vn menat, mul n Succ[m] = add (mul n m) n =
fun n m {
case n {
Zero — {}
Succ[k] —
let lem = mul_succ k m;
let tot = mul_total k m;
let tot = add total m (mul k m);
let lem = add succ (add m (mul k m)) k;
let lem = add_asso m (mul k m) k;
let tot = mul total k Succ[m]l; {}
}
}

The commutativity of mul then follows using yet another proof by induction, using each
of the above lemmas.
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val rec mul _comm : Vn menat, mul nm = mul mn =

fun n m {
case n {
Zero — let lem = mul_n_zero m; {}
Succ[k] — let ih = mul comm m k;
let lem = mul succ m k;
let tot = mul total k m;
let lem = add comm (mul k m) m; {}
}
}

One possible way for making a proof more readable is to give type annotations. They
can be used to specify explicitly the equivalences that are being shown when using lemmas,
but also for checking that some properties can be derived at a given point in the proof. We
give below another version of mul_comm annotated in this way.

val rec mul_comm : Vn menat, mul nm = mul mn =
fun n m {
case n {
Zero — let ded : mul Zerom = Zero = {};
let lem : mul m Zero = Zero = mul _n zero m; {}

Succ[k] — let ded : mul Succ[kl] m = add m (mul k m) = {};
let ih : mul km = mul m k = mul_comm k m;
let lem : mul m Succ[k] = add (mul m k) m = mul_succ m k;
let tot : (Jv:ie, mul k m = v) = mul total k m;
let lem : add (mul k m) m = add m (mul k m) =
add_comm (mul k m) m;

{}

Here, we add type annotations on used lemmas to explicit the properties they prove. We
also extend the proof with intermediate steps using local definitions. They allow us to check
that some property can be deduced in the current context, while showing more reasoning
steps. Note that the names chosen for the local definitions are never used, they can hence
be seen as a form of comments (we could also write _ to avoid giving explicit names). Only
the equations that are transparently added to the context matter. Using this discipline, the
proofs are not only more readable, but also easier to write.

Another, more satisfactory way of obtaining more readable proofs is to use again the
higher-order layer of our system to define “tactics”. We will here use a t_deduce tactic
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to check that some equation holds in the current context, and a t_show tactic to prove a
property using a given proof.

def t deduce(f:o) : v = ({} : f)
def t show(f:o, p:t) : T = (p : f)

We can then modify our commutativity proof to obtain the following, which is a lot more
readable than our original proof. Note that here, we use semicolons to put proof steps in
sequence. It is encoded as usual using a dummy redex.

val rec mul comm : Vn menat, mul nm = mul mn =
fun n m {
case n {

Zero — t deduce(mul Zero m = Zero);
t show(mul m Zero = Zero, mul n zero m)

Succ[k] — t deduce(mul Succ[k] m = add m (mul k m));
t show(mul Kk m = mul m k, mul _comm k m);
t_show(mul m Succ[k] = add (mul m k) m, mul_succ m k);

t show((3v:t, mul k m = v), mul _total k m);
t show(add (mul k m) m = add m (mul k m), add comm (mul k m) m)

We could even introduce syntactic sugar for our tactics into the parser of our language to
obtain the following, very satisfactory proof.

val rec mul _comm : Vn menat, mul nm = mul mn =
fun n m {
case n {

Zero — deduce mul Zero m = Zero;
show mul m Zero = Zero using mul _n_zero m

Succ[k] — deduce mul Succ[k]l] m = add m (mul k m);
show mul k m = mul m k using mul comm k m;
show mul m Succ[k] = add (mul m k) m

using mul succ m k;
show 3v:¢, mul k m = v using mul total k m;
show add (mul k m) m = add m (mul k m)

using add comm (mul k m) m
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7.5 LISTS AND THEIR VECTOR SUBTYPES

We will now consider the type of lists containing elements of a fixed type, given as a
parameter. As usual, operations on lists will be polymorphic in this parameter.

type rec list(a:o) = [Nil ; Cons of {hd : a ; tl : list}]

According to the above definition, a list is either empty (Nil constructor), or built using
a smaller list and an element (Cons constructor). Note that the argument of the Cons
constructor is formed using a product (or record) type with two elements. The label hd
denotes the head of the list (i.e., its first element) and t1 denotes its tail.

Remark 7.5.3. The type that is stored under the t1 label is list and not list(a) due to the
encoding of the “type rec” construct. It is formed using a higher-order function which body
contains a fixpoint construction over a variable named list.

As for the natural number, it is possible to define the usual functions on lists, including
exists or rev_append (see Chapter 1). Many more functions are given in the standard
library of the prototype, together with its source code. Here, we will only focus on the map
and length functions, which are given below.

val rec map : Va b:o, (a = b) = list(a) = list(b) =

fun f 1 {
case 1 {
Nil — Nil
Cons[c] — Cons[{hd = f c.hd; tlL = map f c.tl}]
}
}

val rec length : Vva:o, list(a) = nat =
fun 1 {
case 1 {
Nil — Zero

Cons[c] — Succ[length c.tl]

The map function applies the function given as first argument to all the elements of the list
given as second argument. The length function simply computes a unary natural number
corresponding to the length of the list given as argument. We will now prove the totality of
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these two functions because it will be needed later. Note that the totality of the map function
can only be established ifs first argument is itself total.

// total(f,a) means that f is total on the domain a.

def total(f:.,a:o0) : o = Vvxea, Ivit, f x = v

val rec map total : va b:o, Vfe(a = b),
total(f,a) = Vlelist(a), Ivii, map f L = v =
fun fn ft 1s {
case s {
Nil - {}
Cons[c] —
let lem = ft c.hd;
let ih = map total fn ft c.tl; {}

val rec length total : va:o, Vvlelist(a), 3Iv:., v = length 1 =

fun 1 {
case 1 {
Nil - {}
Cons[c] — 1let ind = length total c.tl; {}
}
}

We will now show that two successive uses of map on a list, with two different functions,
is the same as applying map once using the composition of the two functions. To do so, we
will first need to show that the composition of two total functions is itself total.

val compose total : va b c:o, Vfe(a = b), vge(b = c),
total(f,a) = total(g,b) = total((fun x { g (f x) }), a) =
fun f g ftot gtot a {
show 3v:, f a = v using ftot a;

show Iw: ., g (f a) = w using gtot (f a)

We can then state and prove our lemma as follows, using a proof by induction together with
our different totality results.
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val map map : Va b c:o0, Vfe(a = b), vge(b = c), total(f,a) = total(g,b) =
vlelist(a), map g (map f 1) = map (fun x { g (f x) }) 1 =
fun f g ftot gtot {

fix fun map map ls {

case 1s {
Nil — {}
Cons[c] —

let hd = c.hd; let tl = c.tl;

let tgf = compose total f g ftot gtot hd;
let lem = ftot hd;

let lem = map total f ftot tl;

let ind = map _map tl; {}

Note that the proof by induction starts at the level of the “fix” keyword, which takes the
fixpoint of the functions that immediately follows it. In fact, our “val rec” construct is
exactly encoded in this way.

In our system, it is possible to encode the type of vectors (i.e., lists of a given length)
using a restriction on the type of lists. In other words, vectors of length s will be defined
as the type of all lists 1 such that length 1 = s. The type of vectors will hence have two
parameters. The former will give the type of the elements contained in the vectors and the
latter will be the size parameter, in the form of a term.

type vec(a:o, s:t) = dl:, le(list(a) | length 1 = 5s)

We can then define a concatenation function app on vector. It produces a vector which
length is the sum of the lengths of its two arguments. Note that the definition of app
requires the use of length_total.

val rec app : Va:o, Vm n:., vec(a, m) = vec(a, n) = vec(a, add m n) =
fun 11 12 {
case 11 {
Nil — 12
Cons[c] — 1length_total c.tl;
Cons[{hd = c.hd; tl = app c.tl 12}]
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We can now define a ternary concatenation function on vectors as follows, using two calls to
app. To be able to define this function, the totality of the add function is required.

val app3 : Va:o, Vm n p:., vec(a,m) = vec(a,n) = vec(a,p)
= vec(a, add m (add n p)) =
fun 11 12 13 {
let lem = add total (length 12) (length 13);
app 11 (app 12 13)

It is important to note that an element of vec(a,s) can always be used as an element
of list(a), independently of s. In fact, vec(a,s) is a subtype of list(a).

val vec to list : Va:o, Vs:t, vec(a,s) = list(a) = fun x { x }

Note that we will never need to use the function vec_to list to turn a vector into a list. A
vector can be seen as a list directly, without relying on any form of coercion.

7.6 SORTED LISTS AND INSERTION SORT

We will now consider the insertion sort algorithm, and prove that it actually produces
sorted lists. Before going further, we will start by defining a type ord(a) that will be
represent an ordering relation together with its properties.

type ord(a:o) = Jcmp: ¢,
{ cmp : cmp € (a = a = bool)
; tot @ vx yea, Ivi, cmp Xy = v

; dis : Vx yea, or (cmp x y) (cmp y x) = true }

If we ignore the leading existential, an ordering relation simply consist in a product (or
record) type containing a comparison function, a proof of its totality and a proof that every
element can be compared. The existential quantifier is only there to make the comparison
function accessible in the types of the other fields.

Remark 7.6.4. An element of type ord(a) does not really correspond to an ordering
relation as transitivity is included. Although it could very well be given, it is not required

for insertion sort.

We can then define our isort function in the usual way, using an intermediate
function insert, inserting an element in a sorted list.
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val rec insert : Vva:o, ord(a) = a = list(a) = list(a) =

fun o x 1 {

case 1 {
Nil — Cons[{hd = x; tl = Nil}]
Cons[c] —

let hd = c.hd; let tl = c.tl;

if o.cmp x hd { Cons[{hd = x ; tl = 1}] } else {
let t1l = insert o x tl;
Cons[{hd = hd ; tl = t1}]

val rec isort : Va:o, ord(a) = list(a) = list(a) =
fun o 1 {
case 1 {
Nil — Nil

Cons[c] — insert o c.hd (isort o c.tl)

Until the end of this section, our goal will be to show that for any ordering relation o and list
1, the list isort o 1 is indeed sorted.

A first step in this direction consists in specifying what it means to be sorted. We
hence define a boolean valued program taking as input an ordering relation and a list, and
indicating whether the list is sorted.

val rec sorted : Vva:o, Voeord(a), Vlelist(a), bool =
fun o 1 {
case 1 {
Nil — true
Cons[cl] —
let hd = cl.hd; let tl = cl.t1;
case tl {
Nil — true
Cons[c2] — 1let hd2 = c2.hd;
land((o.cmp) hd hd2, sorted o tl)
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Most remarkably, we can even define the type of sorted lists using the restriction operator.
Indeed, sorted lists are lists on which the sorted function returns true.

type slist(a:o,0:71) = 3l:t, le(list(a) | sorted o 1 = true)

At the end of this section we will be able to define another version of isort that can be
given the type Va:o, Voeord(a), list(a) = slist(a,o0).

To build our proof, we will first need to establish the totality of the insert and isort
functions. This can be done straightforwardly with the following proofs.

val rec insert total :

Va:o, Vocord(a), Vxea, Vlelist(a), Jv:i, insert o x 1 = v =
fun o x 1 {
case 1 {
Nil - {}
Cons[cl] —
let hd = cl.hd; let tl = cl.t1;
let lem = o.tot x hd;
if o.cmp x hd {
{}
} else {

let ih = insert total o x tl; {}

val rec isort total :
Va:o, Voeord(a), Vlelist(a), Jvii, isort o L = v =
fun o 1 {
case 1 {
Nil - {}
Cons[c] —
let ih = isort total o c.tl;
let lem = insert total o c.hd (isort o c.tl); {}

It is then necessary to show that inserting an element in a sorted list yields a sorted list. The
proof of this lemma is not complicated either, but the case analysis is a bit tedious due to
the lack of deep pattern matching.
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val rec isorted : Vva, Voeord(a), Vxea, Vleslist(a,o0), sorted o (insert o x 1) = true =
fun o x 1 {
case 1 {
Nil - {}
Cons[cl] —
let lem = o.tot x cl.hd;
if o.cmp x cl.hd { {} } else {
let lem = o.tot cl.hd x;
let lem = o0.dis x cl.hd;
case cl.tl {
Nil - {}
Cons[c2] — let lem = insert total o x c2.tl;
let lem = o.tot cl.hd c2.hd;
let lem = o.tot x c2.hd;
if o.cmp cl.hd c2.hd {
let lem = isorted o x cl.tl;
if o.cmp x c2.hd { {} } else { {} }
} else { 8< }

Remark 7.6.5. The 8< symbol (pronounced “scissors”) can be used to mark a branch of the
code as unreachable when there is an equational contradiction. Here, we must have o.cmp
cl.hd c2.hd = true as otherwise the hypothesis that 1 is sorted would be contradicted.
Note that 8< can be replaced by any term of the language as it will never be run.

We can then prove that isort produces lists that are sorted using a simple proof by
induction as follows.

val rec isort sorted : Va, Voeord(a), Vlelist(a), sorted o (isort o 1) = true =
fun o 1 {
case 1 {
Nil - {}

Cons[c] — 1let lem = isort total o c.tl;
let ind = isort sorted o c.tl;

let lem isorted o c.hd (isort o c.tl); {}
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Finally, we can obtain a sorting function which return type indicates that the produced
list is sorted. As for vectors, the type of sorted lists is a subtype of lists. As a consequence,
a sorted list can be used as a list transparently.

val isort_full : va, Voeord(a), list(a) = slist(a,o0) =
fun o 1 {
let tot = isort total o 1;
let lem = isort sorted o 1;

isort o 1

7.7 LOOKUP FUNCTION WITH AN EXCEPTION

We will consider an example of a program that relies on control operators as exceptions. We
will take the common example of a lookup function on the type of lists. However, the type of
our exception will carry a proof that the element that is looked for is in the list. To encode
this property, we will rely on the exists function (given in Chapter 1).

val rec exists : va, (a = bool) = list(a) = bool =
fun pred 1 {
case 1 {
Nil — false

Cons[c] — if pred c.hd { true } else { exists pred c.tl }

Our lookup function (named find) can the be defined as follows, using a logical
negation as the type of the exception.

val rec find : Va:o, Vprede(a = bool), total(pred,a) = Vleclist(a),
neg(exists pred 1 = false) = a =

fun pred pred tot 1 exc {

case 1 {
Nil — exc {}
Cons[c] —

let lem = pred tot c.hd;
if pred c.hd { c.hd }
else { find pred pred tot c.tl exc }
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Note that the exception exc can only be called if we are able to feed it with a proof that no
element of the list satisfy the predicate pred. As a consequence, we are guaranteed that the
exception cannot be raised if the list contains an element satisfying pred.

To conclude, let us give two examples of function defined using find. The first one
will simply call find and wrap its result in the usual option(a) type.

val find opt :
Va:o, Vprede(a = bool), total(pred,a) = list(a) = option(a) =
fun pred pred tot 1 {
save a {

some (find pred pred tot 1 (fun { restore a none }))

The second one does the same, but it looks for an element satisfying the predicate into a
list of lists.

val rec find list :
va:o, Vprede(a = bool), total(pred,a) =
list(list(a)) = option(a) =
fun pred pred tot 1 {

case 1 {
Nil — none
Cons[c] —
save a {

let f = fun  { restore a (find list pred pred tot c.tl) };
some (find pred pred tot c.hd f)

Note that the recursive call of find list is done inside the exception handler provided
to find.

7.8 AN INFINITE TAPE LEMMA ON STREAMS

To conclude this chapter, we will consider an example of program that can only be written
in a classical setting (i.e., with control operators). We are going to define a function on
streams of natural numbers, that extracts from its input a stream of odd numbers, or a
stream of even numbers. First, we need to define odd and even numbers in our language.
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val rec is odd : nat = bool =
fun n {
case n {
Zero — false
Succ[m] —
case m {
Zero — true

Succ[p] — 1is odd p

type odd = {venat | is odd v = true }
type even = {venat | is odd v = false}

Note that here, we use a “set type” syntax similar to that of NuPrl [Constable 1986]. It is
encoded as follows in our system.

type odd = 3Jv:., ve(nat | is_odd v true )

type even = 3v:, ve(nat | is odd v = false)

Before going further, we need to establish that the odd function is total. It will be
required when we decide whether a given number of the input stream is odd or even.

val rec odd total : Vnenat, 3v:., is odd n = v =
fun n {
case n {
Zero — {}

Succ[m] —
case m {
Zero — {}

Succ[p] — odd total p

We also need to define the type of streams, together a related type corresponding to streams
with an explicit size annotation (or ordinal) o. Intuitively, this size annotation indicates the
number of elements that are available in the stream.
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type corec stream(a) = {} = {hd : a; tl : stream}
type sized stream(o,a) = vo stream {} = {hd : a; tl : stream}

We can now defined the itl aux function, which will be used to build our main infinite
tape lemma function. Note that this function uses abort, which logically amounts to the ex
falso quodlibet principle. Size annotations are also required on the type of itl aux, for our
type-checking algorithm to prove its termination.

val abort : vy, (vx,x) = y = fun x { x }

val rec itl aux :
Va b, neg(sized stream(a,even)) =
neg(sized_stream(b,odd)) = neg(stream(nat)) =
fun fe fo s {
let hd = (s {}).hd;
let tl = (s {}).tl;
use odd total hd;
if is_odd hd {
fo (fun _ {
{hd = hd; tl = save o {
abort (itl aux fe (fun x { restore o x }) tl)}}

1)
} else {
fe (fun _ {
{hd = hd; tl = save e {
abort (itl aux (fun x { restore e x }) fo tl)}}
1)
}

Intuitively, the itl_aux function looks at the head of its third argument (a stream of
natural numbers). Depending on whether this number is odd or even, the function then
calls one of its first two arguments, which corresponds to a partially constructed stream
of even or odd numbers. The read number is then added to this stream, and a recursive
call is made to continue the construction.

Remark 7.8.6. It is surprising that our prototype implementation is able to establish the
termination of itl aux. Indeed, at each call, an element is added to one of two streams.
Moreover, this example does not satisfy the usually required semi-continuity condition (see,
for example, [Abel 2008]).
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Using itl aux, it is then possible to define the itl function corresponding to our
infinite tape lemma.

val itl : stream(nat) = [InL of stream(even); InR of stream(odd)] =
fun s {
save a {
InL[save e { restore a InR[save o {
abort (itl aux (fun x { restore e x}) (fun x { restore o x }) s)

}111

This function starts by saving two continuations, corresponding to the constructors InL and
InR of the return type, and then calls it1_aux on the input stream. The very fact that we can
write itl proves that it is possible to extract a stream of odd numbers or a stream of even
numbers from any stream of natural numbers.
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« RESUME SUBSTANTIEL » (EN FRANCALIS)

Au cours des derniéres années, les assistants a la preuves on fait des progrés consi-
dérables et ont atteint un grand niveau de maturité. Ils ont permit la certification de
programmes complexes tels que des compilateurs et méme des systémes d'exploitation.
Néanmoins, l'utilisation d'un assistant de preuve requiert des compétences techniques
trés particuliéres, qui sont tres éloignées de celles requises pour programmer de maniére
usuelle. Pour combler cet écart, nous entendons concevoir un langage de programmation
de style ML supportant la preuve de programmes. Il combine au sein d'un méme outil
la flexibilité de ML et le fin niveau de spécification offert par un assistant de preuve.
Autrement dit, le systéme peut étre utilisé pour programmer de maniére fonctionnelle et
fortement typée, tout en permettant l'obtention de nouvelles garanties au besoin.

On étudie donc un langage en appel par valeurs dont le systéme de type étend une
logique d'ordre supérieur. Il comprend un type égalité (entre programmes non typés), un
type de fonctions dépendantes, la logique classique et du sous-typage. La combinaison de
l'appel par valeurs, des fonctions dépendantes et de la logique classique est connu pour
poser des problémes de cohérence. Pour s'assurer de la correction du systéme (cohérence
logique et stireté a l'exécution), on propose un cadre théorique basé sur la réalisabilité
classique de Krivine. Le modeéle repose sur une propriété essentielle qui lie les différents
niveaux d'interprétation des types d'une maniére novatrice.

On démontre aussi l'expressivité de notre systéme en se basant sur son implanta-
tion dans un prototype. Il peut étre utilisé pour prouver des propriétés de programmes
standards tels que la fonction « map » sur les listes ,ou le tri par insertion.

CHAPITRE 1, INTRODUCTION

Depuis l'apparition des premiers ordinateurs, chaque génération de programmeurs a du
faire face au probléme de la fiabilité du code. Les langages statiquement typés tels que Java,
Haskell, OCaml, Rust ou Scala ont attaqué ce probléme avec des vérifications statiques,
au moment de la compilation, pour détecter des programmes incorrects. Leur typage fort
est particuliérement utile quand plusieurs objets incompatibles doivent étre manipulés au
méme moment. Par exemple, un programme qui calcule une addition sur un booléen (ou
une fonction) est immédiatement rejeté. Durant les derniéres années, les avantages du
typage statique ont méme été reconnus au sein de la communauté des langages dynami-
quement typés. Des systéemes de vérification statique du typage sont dorénavant disponibles
pour Javascript [Microsoft 2012, Facebook 2014] ou Python [Lehtosalo 2014].

Dans les trente derniéres années, des progrés significatifs ont été fait dans l'application
de la théorie des types aux langages de programmation. La correspondance de Curry-
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Howard, qui lie les systémes de types des langages de programmation fonctionnels 2 la
logique mathématique, a été explorée dans deux directions principales. D'un c6té, les assis-
tants 2 la preuve comme Coq ou Agda sont basés sur des logiques trés expressives [Coquand
1988, Martin-Lif 1982]. Pour montrer leur cohérence logique, les langages de programmation
sous-jacents doivent étre restreints aux programmes qui peuvent étre montrés terminant.
Ils interdisent donc les formes de récursion les plus générales. De l'autre c6té, les langages
de programmation fonctionnelle comme OCaml ou Haskell sont adaptés a la programma-
tion, car ils n'imposent pas de restriction sur la récursion. Cependant, ils sont basés sur des
logiques qui ne sont pas cohérentes, ce qui implique qu'ils ne peuvent pas étre utilisés pour
démontrer des formules mathématiques.

Le but de ce travail est de fournir un environnement uniforme au sein duquel des
programmes peuvent étre écrits, spécifiés, et prouvés. L'idée est de combiner un langage
de programmation a la ML complet, avec un systéme de type enrichi pour permettre la
spécification de comportements calculatoires. Ce langage peut donc étre utilisé comme ML
pour programmer en tirant profit d'un typage statique fort, mais aussi comme un assistant
a la preuve pour démontrer des propriétés de programmes ML. L'uniformité du systéme
permet, en outre, de raffiner les programmes petit 3 petit, pour obtenir de plus en plus
de garanties. En particulier, il n'y a pas de distinction syntaxique entre les programmes
et les preuves dans le systéme. On peut donc mélanger preuves et programmes durant la
construction de preuves ou de programmes. Par exemples, on peut utiliser des mécanismes
de preuve au sein de programmes afin qu'ils portent des propriétés (par exemple, 'addition
avec sa commutativité). Les programmes peuvent utiliser des mécanismes de preuve pour
éliminer du code mort (ne pouvant pas étre atteint a I'exécution).

Dans cette thése, notre but premier est de mettre au point un systéme de type pour
un langage de programmation fonctionnelle, utilisable en pratique. Parmi les nombreux
choix techniques possibles, nous avons décidé de considérer un langage en appel par valeur
similaire a OCaml ou SML, ces derniers ayant fait leurs preuves en terme d'efficacité et
d'utilisation. Notre langage comporte des variants polymorphes [Garrigue 1998] et des types
enregistrements a la SML, qui sont trés pratiques pour encoder des types de données. Par
exemple, le type des listes peut étre défini et utilisé de la maniére suivante.

type rec list(a) = [Nil ; Cons of {hd : a ; tl : list}]

val rec exists : va, (a = bool) = list(a) = bool =
fun pred 1 {
case 1 {
Nil — false

Cons[c] — if pred c.hd { true } else { exists pred c.tl }
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Ici, la fonction polymorphe exists prend comme paramétre un prédicat et une liste, et elle
indique si (au moins) un élément de la liste satisfait le prédicat.

Le systéme présenté ici n'est pas seulement un langage de programmation, mais aussi
un assistant a la preuve, et en particulier a la preuve de programmes. Son mécanisme de
preuve est basé sur des types égalités de la forme t = u, olt t et u sont des programmes
arbitraires du langage. Un tel type égalité est habité par (ou contient) {} (c'est a dire
l'enregistrement vide) si 'équivalence dénotée est vraie, et il est vide sinon. Les équivalences
sont gérées en utilisant une procédure partielle de décision, qui est dirigée par la construc-
tion de programmes. Un contexte d'équations est maintenu par l'algorithme de typage,
afin de stocker les équivalences supposées correctes durant la construction de la preuve
de typage. Ce contexte est étendu quand une nouvelle équation est apprise (par exemple,
quand un lemme est appliqué), et une équation est prouvée en cherchant une contradiction
(par exemple, quand deux variants différents sont supposés égaux).

Pour illustrer le fonctionnement des preuves, nous allons considérer l'exemple trés
simple des entiers naturels en représentation unaire (les nombres de Peano). Leur type
est donné ci-dessous, avec la fonction d'addition correspondante, définie par récurrence
sur son premier argument.

type rec nat = [Zero ; Succ of nat]

val rec add : nat = nat = nat =
fun n m {

case n { Zero — m | Succ[k] — Succ[add k m] }

Comme premier exemple, nous allons montrer add Zeron = n pour tout n. Pour exprimer
cette propriété, on utilise le type vn: v, add Zeron = n, ot . peut étre vu comme l'ensemble
de tous les programmes complétement évalués. Cette énoncé peut ensuite étre démontré
comme suit.

val add z n : Vn:(, add Zeron = n = {}

Ici, la preuve est immédiate (c'est a dire, {}) comme add Zeron = n se déduit directement
de la définition de la fonction add. Notez que cette équivalence est vraie pour tout n, qu'il
corresponde 2 un élément de nat ou pas. Par exemple, on peut montrer sans probléme
I'équivalence add Zero true = true.

Regardons maintenant I'énoncé vn: v, add n Zero = n. Bien qu'il soit tres similaire a
add_z_n en apparence, il ne peut pas étre démontré. En effet, la relation add n Zero = n
n'est pas vraie quand n n'est pas un entier unaire. Dans ce cas, |'évaluation de add n Zero
produit une erreur a l'exécution. En conséquence, on devra se reposer sur une forme de

161



quantification dont le domaine se limite aux entiers unaires. Ceci peut étre réalisé avec
le type ¥nenat, add n Zero = n, qui corresponds a une fonction (dépendante) prenant
en entrée un entier n, et retournant une preuve de add n Zero = n. Cette propriété peut
ensuite étre prouvée en utilisant de l'induction (programme récursif) et une analyse par cas

(filtrage par motif).

val rec add_n_z : Vnenat, add n Zero = n =
fun n {
case n {
Zero — {}
Succ[k] — let ih = add n z k; {}
}
}

Si n est Zero, alors on doit montrer add Zero Zero = Zero, qui est immédiat par définition
de add. Dans le cas ot n est Succ[k] on doit montrer add Succ[k] Zero = Succ[k]. Par
définition de add, cette équation se réduit en Succ[add k Zero] = Succ[k]. Il suffit donc
de montrer add k Zero = k en utilisant I'hypothése d'induction (add n_z k).

CHAPITRE 2, CALCUL NON TYPE

Dans ce chapitre, on introduit le langage de programmation qui sera utilisé dans toute
la suite de cette these. Sa sémantique opérationnelle est exprimée a l'aide d'une machine
abstraite, qui nous permettra de considérer des opérations produisant des effets de bord.
Comme tout langage de programmation fonctionnelle, notre systéme est base sur le A-
calcul. Créé par Alonzo Church dans les années trente, le A-calcul [Church 1941] est un
formalisme permettant la représentation de fonctions calculables, et en particulier de fonc-
tions récursives. Comme l'a démontré Alan Turing, le A-calcul est un modéle de calcul universel
[Turing 1937].

Les termes du A-calcul (appelés A-termes) sont construits a partir d'un alphabet dénom-
brable de variables (appelées A-variables) V, = {x, y, z...}. L'ensemble de tous les A-termes
est généré par la grammaire BNF suivante.

t,us=x|Axt|tu x €V,
Un terme de la forme Ax.t est appelé abstraction (ou A-abstractions) et un terme de
la forme t u est appelé application. Le langage que nous considérons dans cette these

est en fait exprimé sous la forme d'une machine abstraite comprenant quatre catégories
syntaxiques (valeurs, termes, piles et processus) générées par la grammaire BNF suivante.
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(A viw z= x| Axt [ G {(Li=vy), } O

(A) t,u::zaIV\tquoc-tlﬂtlvlkIVI ixid =), J I Y [ Ry |8y
(TT) TP i=¢|lalv.m| tn

(AXITT) P,q = txm

Let termes et valeurs forment une variante du Ap-calculus [Parigot 1992], enrichit avec des
éléments des langages a la ML (enregistrements et variants). Les valeurs de la forme C,[v]
(avec k € N) correspondent a des variants (ou constructeurs). Un filtrage par motif peut
étre effectué sur les variants avec la syntaxe [v|(Ci[xi] _)ti)iel]' ou le motif Ci[x;] est
associés au terme t; pour tout i dans I C, N. D'une maniére similaire, les valeurs de la
forme {(1;= Vi)tel} correspondent a des enregistrements, qui sont des n-uplets avec des
composantes nommeées. L'opération de projection v.l, peut étre utilisée pour accéder a la
valeur stockées sous le label 1, dans v.

Les processus forment ['état interne de notre machine abstraite. On peut en fait voir un
processus comme un terme, placé dans un contexte d'évaluation représenté par une pile.
Intuitivement, la pile 7t du processus t * 7t contient les parameétres qui seront fournit a t.
Comme on est en appel par valeur, les piles stockent également les fonctions durant
I'évaluation de leurs arguments. C'est pourquoi on a besoin de piles de la forme [t]7t. La
sémantique opérationnelle de notre langage est donnée par la relation (>) définie sur les
processus en utilisant les régles de réduction suivantes.

tuxmT > ux[tlw
vitlm >  txv.m siv ¢ VU{o}
Ax.txv.m > tlxi=v]xm
woetxmm > tlo=mlxm
Eltxmt > tx*x&
{,= )161}11(*71 > VT sikel
[CV] | (Cilxid — 161 Ixmm > tixi=vlxw sikel
Yiu¥m > t (A, ) vxm
Rit=v Ju¥T > uxT
ox[tlm > oOxm7
O%v.m > O%7
[O] (Cilxi] — ty). I]>|<7r >  O%T
El.lk*T[ >  O%T7

Les trois premiéres régles sont celles qui prennent en charge la 3-réduction, c'est a dire
I'évaluation standard des termes du A-calcul. Quand la machine abstraite rencontre une
application, la fonction est stockée sur la pile jusqu'a ce que son argument ait été compléte-
ment évalué. Une fois 'argument calculé, un valeur fait face a la pile contenant la fonction,
on peut donc utiliser la second régle pour mettre la fonction en position d'évaluation et son
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argument en position d'argument, prét a étre consommé dés que la fonction se sera évalué
en une A-abstraction. A ce moment I3, on pourra réaliser une substitution sans capture en
utilisant la troisiéme régle, pour que l'application prenne effet. Le but des régles suivantes
est de prendre en charge I'évaluation des programmes formés avec les autres constructeurs
du langage (effets, enregistrements, variants, récursion).

CHAPITRE 3, EQUIVALENCE OBSERVATIONNELLE

Dans ce chapitre, on introduit une relation d'équivalence sur les termes du langage. Deux
termes sont considérés équivalent si et seulement si ils ont le méme comportement obser-
vable en terme de calcul. Des propriétés générales sont ensuite obtenues pour toute rela-
tion d'équivalence satisfaisant certaines contraintes. Ces propriétés sont essentielles pour
la définition de la sémantique de réalisabilité dans les chapitres suivants. De plus, elles
nous permettent d'implanter une procédure partielle de décision pour l'équivalence de
programmes.

L'idée principale de ce chapitre est de considérer une forme d'équivalence observa-
tionnelle. En d'autre termes, deux programmes seront considérés équivalent dés lors qu'ils
ont le méme comportement observable dans tous les contextes d'évaluation. Ici, on obser-
vera simplement, pour chaque pile, si le processus formé calcule une valeur ou produit
une erreur (ou ne termine pas). On quantifiera également sur toutes les substitutions
pour les variables libres, de maniére & pouvoir comparer des termes ouverts. La relation

=.) C AxA est donc définie comme suit.

(=) = {(t,u) |Vrell,Vpe8,tpxml & up*nUJ
CHAPITRE 4, SYSTEME DE TYPE ET SEMANTIQUE

Dans ce chapitre, on présente un nouveau systéme de type, qui se distingue grice a une
notion d'équivalence de programme embarquée. Elle permet de spécifier des propriétés
équationnelles de programmes, qui sont ensuite prouvées par des raisonnements équation-
nels sur les programmes. Nos types sont interprétés en utilisant des techniques standard de
la réalisabilité classique, qui nous permettent de donner une justification sémantique 2 nos
régles de typage.

L'interprétation des types est définie inductivement, de maniére usuelle. Il faut quand
méme remarquer que, du fait de l'appel par valeur, l'interprétation du type des fonctions
requiert trois niveaux d'interprétation (valeurs, piles, termes) liés par orthogonalité. Plus
précisément, on définira l'interprétation [A] d'un type comme l'ensemble de ses valeurs,
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. . ., . i .
et on obtiendra ensuite par orthogonalité un ensemble de piles [ A]", puis un ensemble de
n N .
termes [A] ™ de la maniére suivante.

[A]"={nem|¥vel[Al,vinl] [AI" =|teA|vneclAl,txnl]

En particulier, le type restriction, dénotant une conjonction sémantique sans contenu
algorithmique, sera interprété comme [A[t=u] = [A] si on a t = u en accord avec
la section précédente. Sinon, on prendra [A[t=u] = [L], c'est & dire la méme inter-
prétation que le type vide L.

CHAPITRE 5, RESTRICTION AUX VALEURS

Dans ce chapitre, nous considérons l'encodage des types dépendants, qui sont une forme
de quantification typée dans notre systeme. Cependant, l'expressivité de ces derniers est
considérablement limitée par la restriction aux valeurs. Pour résoudre ce probléeme, on
introduit dans le systeme la notion de restriction aux valeurs sémantique, qui permet au
systéme d'accepter bien plus de programmes. Obtenir un modele justifiant la restriction aux
valeurs sémantique nécessite de changer 2 la fois la sémantique opérationnelle et la définition
de I'équivalence de programmes.

L'idée ici est de considérer qu'un terme t est une valeur, si il existe une valeur v telle
que t = v. On pourra donc donner des regles de typage relichées, plus générales, qui auront
une prémisse de la forme = - t = v. Pour rendre notre modeéle de réalisabilité compatible
avec cette idée, il est absolument nécessaire que les différents niveaux d'interprétation des
types satisfassent la relation suivante.

v e I[A]]LL:> v e [Al

En d'autre termes, si une valeur est présente dans l'interprétation d'un type au niveau des
termes, alors elle était déja présente au niveau des valeurs. Plus précisément, on demandera
a ce que l'opération [A] — [[A]]Ll, qui peut étre vue comme une forme de complétion,
n'introduise pas de nouvelles valeurs.

Bien que cette propriété soit naturelle, elle n'est pas satisfaite en général dans les
modéles de réalisabilité classique (en appel par valeurs). La définition d'un modéle ayant
cette propriété est le résultat central de cette thése [Lepigre 2016]. Il est obtenu en étendant
la syntaxe des termes avec une opération permettant de tester des équivalences durant la
réduction de la machine abstraite.
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CHAPITRE 6, SOUS-TYPAGE

Dans ce chapitre, on reformule la définition de notre systéme de type pour inclure du
sous-typage. L'idée principale est de transformer les regles de typage qui n'ont pas de
contenu algorithmique en regles de sous-typage. En particulier, les quantificateurs, points
fixes, appartenance et égalités seront gérés au sein du sous-typage.

Dans le cadre de cette thése, le sous-typage a deux intéréts principaux. En premier
lieux, il permet de donner un formulation du systéme qui est dirigée par la syntaxe. En
d'autre termes, une et une seule régle de typage peut étre appliquée pour un terme donné
(peu importe le type correspondant), et une et une seule régle de sous-typage peut étre
appliquée étant donné deux types (modulo quelques subtilités). Il est en fait surprenant
qu'on puisse obtenir un ensemble de régles aussi satisfaisant pour une implantation, malgré
la trés probable non décidabilité du typage et du sous-typage dans notre systéme (c'est une
extension de System F [Wells 1999]).

Sur le plan technique, nous considérons une notion de sous-typage bien particuliere
(appelé sous-typage pointé) de la forme t € A C B, et nous faisons appel a des opérateurs
de choix inspirés des travaux de Hilbert (voir [Lepigre 2017]).

CHAPITRE 7, PROGRAMMES ET PREUVES

Dans ce dernier chapitre, nous considérons des exemples de programmes et de preuves qui
peuvent étre écrits et manipulés par le prototype que nous avons implanté. Cet ensemble
restreint d'exemples n'a pas pour but de présenter le systéme de maniére exhaustive. Ils
visent seulement a démontrer l'expressivité du systéme, 2 travers une sélection d'exemples.
Tous les exemples données dans ce chapitre ont été vérifiés par notre prototype a la produc-
tion de ce document. Ils sont donc acceptés par notre implémentation sans qu'aucune
modification soit nécessaire.

Une partie des exemples considérés concernent les listes, avec certains de leurs sous-
types. En particulier, on considére le type des vecteurs (listes de taille fixée) et les listes
triées. On démontre ainsi, par exemple, qu'il est possible de refléter par le typage qu'une
fonction de tri (ici le tri par insertion) transforme une liste en une liste triée.

Pour finir le chapitre, on considére quelque exemples utilisant la logique classique. En
particulier, on définit un programme qui est en fait extrait de la preuve classique d'un
lemme sur les listes infinies d'entiers (ou « stream »). On définit ainsi une fonction qui,
étant donné une liste infinie d'entiers, retourne une sous-liste infinie de nombre pairs, ou
une sous-liste infinie de nombres impairs. Il n'est évidemment pas possible d'écrire un tel
programme hors d'un cadre classique.
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RESUME

Au cours des derniéres années, les assistants de preuves on fait des progrés considérables et ont
atteint un grand niveau de maturité. Ils ont permit la certification de programmes complexes tels
que des compilateurs et méme des systémes d'exploitation. Néanmoins, l'utilisation d'un assistant
de preuve requiert des compétences techniques trés particuliéres, qui sont tres éloignées de celles
requises pour programmer de maniére usuelle. Pour combler cet écart, nous entendons concevoir
un langage de programmation de style ML supportant la preuve de programmes. Il combine au
sein d'un méme outil la flexibilité de ML et le fin niveau de spécification offert par un assistant
de preuve. Autrement dit, le systéme peut étre utilisé pour programmer de maniére fonctionnelle et
fortement typée tout en autorisant l'obtention de nouvelles garanties au besoin.

On étudie donc un langage en appel par valeurs dont le systéme de type étend une logique
d'ordre supérieur. Il comprend un type égalité entre les programmes non typés, un type de fonction
dépendant, la logique classique et du sous-typage. La combinaison de l'appel par valeurs, des
fonctions dépendantes et de la logique classique est connu pour poser des problémes de cohérence.
Pour s'assurer de la correction du systéme (cohérence logique et slireté a l'exécution), on propose
un cadre théorique basé sur la réalisabilité classique de Krivine. Le modéle repose sur une propriété
essentielle qui lie les différent niveaux d'interprétation des types d'une maniére novatrice.

On démontre aussi l'expressivité de notre systéme en se basant sur son implantation dans
un prototype. Il peut étre utilisé pour prouver des propriétés de programmes standards tels que
la fonction « map » sur les listes ou le tri par insertion.

ABSTRACT

In recent years, proof assistant have reached an impressive level of maturity. They have led to the
certification of complex programs such as compilers and operating systems. Yet, using a proof
assistant requires highly specialised skills and it remains very different from standard program-
ming. To bridge this gap, we aim at designing an ML-style programming language with support
for proofs of programs, combining in a single tool the flexibility of ML and the fine specification
features of a proof assistant. In other words, the system should be suitable both for programming
(in the strongly-typed, functional sense) and for gradually increasing the level of guarantees met
by programs, on a by-need basis.

We thus define and study a call-by-value language whose type system extends higher-order
logic with an equality type over untyped programs, a dependent function type, classical logic and
subtyping. The combination of call-by-value evaluation, dependent functions and classical logic is
known to raise consistency issues. To ensure the correctness of the system (logical consistency and
runtime safety), we design a theoretical framework based on Krivine's classical realizability. The
construction of the model relies on an essential property linking the different levels of interpre-
tation of types in a novel way.

We finally demonstrate the expressive power of our system using our prototype implementa-
tion, by proving properties of standard programs like the map function on lists or the insertion sort.



